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Abstract 

We present a review of theoretical and experimental works on the prob- 
lem of mutual interplay of Anderson localization and superconductivity in 
strongly disordered systems. Superconductivity exists close to the metal — 
insulator transition in some disordered systems such as amorphous metals, 
superconducting compounds disordered by fast neutron irradiation etc. High- 
temperature superconductors are especially interesting from this point of view. 
Only bulk systems are considered in this review. The superconductor-insulator 
transition in purely two-dimensional disordered systems is not discussed. 

We start with brief discussion of modern aspects of localization theory 
including the basic concept of scaling, self — consistent theory and interaction 
effects. After that we analyze disorder effects on Cooper pairing and super- 
conducting transition temperature as well as Ginzburg — Landau equations 
for superconductors which are close to the Anderson transition. A necessary 
generalization of usual theory of "dirty" superconductors is formulated which 
allows to analyze anomalies of the main superconducting properties close to 
disorder-induced metal — insulator transition. Under very rigid conditions su- 
perconductivity may persist even in the localized phase (Anderson insulator). 

Strong disordering leads to considerable reduction of superconducting 
transition temperature Tc and to important anomalies in the behavior of the 
upper critical field Hc2- Fluctuation effects are also discussed. In the vicin- 
ity of Anderson transition inhomogeneous superconductivity appears due to 
statistical fluctuations of the local density of states. 

We briefly discuss a number of experiments demonstrating superconduc- 
tivity close to the Anderson transition both in traditional and high — Tc su- 
perconductors. In traditional systems superconductivity is in most cases de- 
stroyed before metal — insulator transition. In case of high — superconduc- 
tors a number of anomalies show that superconductivity is apparently con- 
served in the localized phase before it is suppressed by strong enough disorder. 

PACS numbers 74, 72.15.Rn 
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I. INTRODUCTION 



The concept of electron localizationB is basic for the understanding of electron properties 
of disordered systemdH. In recent years a number of review papers had appeared, extensively 
discussing this problemi^. According to this concept introduction of sufficiently strong dis- 
order into a metallic system leads to spatial localization of electronic states near the Fermi 
level and thus to a transition to dielectric state (Anderson transition). After this transition 
dc conductivity (at zero temperature, T = 0) vanishes, despite the finite value of electronic 
density of states at the Fermi level (at least in one-electron approximation). 

At the same time it is well-known that even the smallest attraction of electrons close to 
the Fermi level leads to formation of Cooper pairs and the system becomes superconducting 
at sufficiently low temperaturesSi. It is known that the introduction of disorder which does 
not break the time — reversal invariance (normal, nonmagnetic impurities etc.) does not 
seriously influence superconding transition temperature and superconductivity in general 
(Anderson theorem)Ejll3. 

Thus a problem appears of the mutual interplay of these two possible electronic tran- 
sitions in a disordered system which leads to quite different (even opposite) ground states 
(insulator or superconductor). This problem is very important both from theoretical and ex- 
perimental points of view. Actually superconducting properties of many compounds depend 
strongly on structural disorder. In this respect we can mention amorphous systems (metal- 
lic glasses) and superconductors disordered by different forms of irradiation by high-energy 
particles (fast neutrons, electrons, heavy-ions etc.). It appears that in many of these systems 
superconductivity is realized when the system in normal state is quite close to the metal — 
insulator transition induced by disorder. In this case many anomalies of superconducting 
properties appear which cannot be satisfactorily explained within the standard theory of 
"dirty" superconductorsuOJ. These include rather strong dependence of on disorder in 
apparent contradiction with Anderson theorem, as well as some unusual behavior of the 
upper critical fleld Hc2- 

The discovery of high-temperature superconductivity in metallic oxideffl has lead to 
the entirely new opportunities in the studies of strong disorder effects in superconductors. 
Very soon it had been established that high — Tc superconductors are quite sensitive to struc- 
tural disordering which leads to rather fast destruction of superconductivity and metal — 
insulator transition. However, the high values of initial Tc, as well as a small size of Cooper 
pairs and quasi-two dimensional nature of electronic states in these systems are very appro- 
priate for the studies of the mutual interplay of localization and sup er conduct ivitytj. It may 
be stated with some confldence that in these systems superconductivity can be observed 
even in the region of localization (Anderson insulator). 

This review is mainly concerned with theoretical aspects of localization and supercon- 
ductivity close to Anderson transition. However, we shall pay some attention to experiments 
demonstrating the importance of localization phenomena for the correct analysis of supercon- 
ductivity in strongly disordered systems. Special emphasis will be on the experiments with 
high — Tc superconductors. We shall limit ourselves with discussing only three-dimensional 
and quasi-two-dimensional (in case of HTSC) systems, practically excluding any discussion 
of purely two-dimensional systems, which are quite special both in resDect to localization and 
superconductivity. In this case we refer a reader to recent reviewsEJlla which are speciflcally 
concerned with two-dimensional case. 

We must stress that the material presented in this review is concerned mainly with the 
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personal interests of its author and we apologize to those people whose important contribu- 
tions in this field would not be discussed in detail or even would be missed because of the 
lack of space. 

The usual theory of "dirty superconductors"iHli is a cornerstone of our understanding 
of superconducting properties of disordered metals. It is based on the following main state- 
ments: 

1. As impurity concentration (disorder) grows a transition takes place from the "pure" 
limit, when the electron mean-free path / is much larger than the superconducting co- 
herence length ^Q-. / ^ ^0 = hvp/irAQ to a "dirty" superconductor with ^ ^ ^ ^/pf 
(Here vf,Pf — are Fermi velocity and momentum, Aq — is the zero — temperature en- 
ergy gap). Transition temperature change only slightly, mainly due to small changes 
of Debye frequency ud and of pairing constant Ap, which are due to relatively small 
changes in the electronic density of states under disordering. Transition from the free 
electron motion to diffusive one does not change Tc at all (Anderson's theorem). These 
statements ignore any disorder dependence of microscopic pairing interaction, which is 
assumed to be some constant as in the simplest BCS model. 

2. Superconducting coherence length ^ (at T = 0) determining the spatial scale of su- 
perconducting order-parameter (the size of a Cooper pair) diminishes with I so that 



^ ~ a/^ in the limit of h/pp < / -C ^o- 



3. As diminishes the critical region near Tc where thermodynamic fiuctuations are im- 
portant widens and is of the order of tgTc, where tq ~ [TcN^Ef)^^]'"^ is the so called 
Ginzburg's parameter {N{Ef) is electronic density of states at the Fermi level Ep). 
For "pure" superconductors tq ~ {Td EpY <^ 1 and as / drops tq grows as ^ drops. 
However, in the limit of / ^ h/pp the value of tq still remains very small. 

Theory of "dirty" superconductors is the basis of our understanding of superconducting 
properties of many disordered alloys. However, the main results of this theory must be 
modified for the mean-free path values I of the order of inverse Fermi momentum h/pp (i.e. 
of the order of interatomic distance). In three — dimensional systems the growth of disorder 
leads to destruction of diffusive motion of electrons and transition from extended to localized 
states at critical disorder determined by Ic ~ fi/pp, i.e. to transition to Anderson insulator. 
This metal — insulator transition is reflected in a continuous drop to zero of the static metallic 
conductivity (at T = 0) as / — Ic- For / ^ Ic conductivity is determined by the usual Drude 
formula ctq ~ /, while for / — > /(, it drops as cr ~ (/ — IcY, where i' is some critical exponent. 
Transition from diffusion to localization is realized at the conductivity scale of the order of 
the so-called "minimal metallic conductivity" cTc ~ (e'^pp/n^h^) ~ (2 — 5)10^ Ohm~^cm~^ 
. The usual theory of "dirty" superconductors does not consider localization effects and is 
valid for conductivities in the interval {Ep/Tc)ac ^ a ^ a^. 

At present the following results are well established for superconductors close to local- 
ization transition (i.e. a < Uc): 

1. Assuming independence of the density of states at the Fermi level N{Ep) and of the 
pairing constant Ap from the value of the mean-free path / (disorder) we can show that 
Tc drops as disorder grows due to respective growth of Coulomb pseudopotential /i*. 
This effect is due to the growth of retardation effects of Coulomb interaction within the 
Cooper pair as diffusion coefficient drops close to Anderson transition^. Tc degradation 
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starts even for a ^ and becomes fast for cr < (XcEila. The growth of spin fluctuations 
and changes in the density of states due to interaction effects may also lead to the drop 
of Tc, though these mechanisms were not analyzed in detail up to now. 

2. Close to Anderson transition the usual expression for superconducting coherence length 
for a "dirty" limit ^ = should be replaced by ^ ~ (£q^^^''^ and it remains finite 
even below Anderson transition (i.e. in insulating phase)clrE3, signalling the possibil- 
ity of superconductivity in Anderson insulator. Obviously these results are valid only 
in case of finite Tc close to Anderson transition, which is possible only if very rigid 
conditions are satisfied. 

3. The growth of disorder as system moves to Anderson transition leads to the growth of 
different kinds of fluctuations of superconducting order-parameter both of thermody- 
namic nature and due to fluctuations of electronic characteristics of the system. 

In our review we shall present an extensive discussion of these and some of the other problems 
concerning the interplay of superconductivity and localization. However, first of all we shall 
briefly describe the main principles of modern theory of electron localization and physics 
of metal — insulator transition in disordered systems, which will be necessary for clear un- 
derstanding of the main problem under discussion. After that we shall give rather detailed 
presentation of theoretical problem of superconductivity close to the Anderson transition. Fi- 
nally, we shall describe the present experimental situation. We shall briefly describe some of 
the experiments with traditional superconductors, but our main emphasis will be on high — Tc 
oxides. We shall concentrate on the experiments with high — temperature — superconductors 
disordered by fast neutron irradiation which we consider one of the best methods to intro- 
duce disorder in a controlled fashion without any chemical (composition) changes. In this 
sense our review of experiments is also far from being complete, but we hope that it is full 
enough to claim that high — Tc systems are especially good for testing some of the main the- 
oretical ideas, expressed throughout this review. Also we believe that better understanding 
of their properties under disordering may be important for the development of the general 
theory of high — temperature superconductivity. The preliminary version of this review has 
been published in Ref.0. 
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II. ANDERSON LOCALIZATION AND METAL-INSULATOR TRANSITION IN 

DISORDERED SYSTEMS 



A. Basic Concepts of Localization 

In recent years a number of review papers had appeared dealing with basic aspects of 
Anderson locahzationB^B&il. Here we shall remind the main points of this theory and 
introduce the accepted terminology. 

In 1958 AndersonEl has shown for the first time that the wave function of a quantum par- 
ticle in a random potential can qualitatively change its nature if randomness becomes large 
enough. Usually, when disorder is small, the particle (e.g. electron) is scattered randomly 
and the wave function changes at the scale of the order of mean free path /. However, the 
wave function remains extended plane — wave — like (Bloch wave — like) through the system. 
In case of strong enough disorder, the wave function becomes localized, so that its amphtude 
(envelope) drops exponentially with distance from the center of localization fq: 

\^{y)\^exp{\v-v^\/Rioc) (2.1) 

where Rioc is localization length. This situation is shown qualitatively in Fig. |l|. The physical 
meaning of Anderson localization is relatively simple: coherent tunneling of electrons is 
possible only between energy levels with the same energy (e.g. between equivalent sites in 
crystalline lattice). However, in case of strong randomness the states with the same energy 
are too far apart in space for tunneling to be effective. 

At small disorder dc conductivity of a metal at T = is determined by Drude expression: 

2 2 

ne ne , 

(To = r = / 2.2 

m pp 

where r — is the mean free time, n — is electron density and e — its charge. Usual kinetic 
theory can be applied if 

PfI ^ ^ EpT 

— — > 1 or — — > 1 (2.3) 

n n 

which is a condition of weak scattering (disorder). From Eq. ( p.2| ) and Eq. (|2.3|) , taking into 
account n = pp/{37i'^h^), we can estimate the lower limit of conductivity for which Drude 
approximation is still valid: 

^J)f_,PfK _^Pf_ , 



The conductivity value: 



e^PF 



is usually called the "minimal metallic conductivity"!'!. As disorder grows the mean free 
path diminishes and becomes of the order of lattice spacing a, so that we reach ppl/h ~ 1, 
and the usual kinetic theory based upon Boltzmann equation becomes inapplicable. This 
was first noted by loffe and RegeS, who observed that at such disorder the qualitative 
form of wave function must change, transforming from extended to localized accompanied 
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by metal — insulator transition. From Eq.( p.5| ) it is clear that this transition takes place at 
the conductivity scale of the order of dc ~ (2 — 5)10'^Ohm~^cm~^ for typical h/pp ~ a ~ 
(2 - 3)10-^cm. 

Qualitative form of energy spectrum near the band — edge of a disordered system is 
shown in Fig. ^ When the Fermi level lies in the high — energy region electronic states close 
to it are slightly distorted plane waves. As Fermi energy moves towards the band — edge (or 
with the growth of disorder) the critical energy Ec (mobility edge) separating extended and 
localized states crosses the Fermi level. If Ep belongs to the region of localized states the 
system becomes insulating, conductivity is possible only for T > or by exciting the carriers 
by alternating electric field. The appearance of these hopping mechanisms of conductivity 
signals Anderson transitioniH. 

One of the main problems is the qualitative behavior of conductivity when the Fermi level 
Ep crosses the mobility edge Ec (at T = 0). While Mott assumed the discontinuous drop of 
conduct ivitvfrom cTc to zerolii modern approach&^'il based mainly on the scaling theory to 
localizationcll demonstrates continuous transition. Experiments at low temperatures clearly 
confirm this type of behavioii, and cTc acts as a characteristic conductivity scale close to 
transition. Static conductivity of a metal at T = close to Anderson transition within this 
approach is written as: 



o2 



a = A—- ^ ac 

ll'Qoc 



Ep — Er 



Er_ 



{d-2)u 



(2.6) 



where A — is a numerical constant, d — is space dimension, and a^. ^ Ae^/{ha'^ ^). Here 
we introduced the correlation length of scaling theory diverging at the transition: 



Pf 



Ep — Er 



Er 



(2.7) 



Critical exponent v determines this divergence. In one — electron approximation and in the 
absence of magnetic scattering v ~ li'BElil. In the region of localized states (i.e. for Ep < Ec) 
^loc coincides with localization length of electrons Rioc- In metallic region ^loc determines 
the effective size of a sample at which "Ohmic" behavior appears, i.e. conductivity becomes 
independent of a sample sizeiil. "Minimal metallic conductivity" dc determines, as we noted, 
the conductivity scale close to a transition. 

In the vicinity of Anderson transition conductivity acquires an important frequency 
dependence's. For Ep = Ec i.e. at the transition we have: 



d-2 



a{uj) ^ Ociiujr) ^ (2.8) 

which is valid also close to the transition (from either side) for frequencies ^ cUc ~ 
[N{Ep)^fg^~^ . For d = ?> this is sometimes refered to as Gotze's0 law cu^/^, although this 
particular derivation was later acknowledged to be wrong0. 

The spatial dimension d = 2 is the so called "lower critical dimensionality"0^ . For 
(i = 2 all electronic states are localized for infinitesimal disorder', and there is no Anderson 
transition. 

Quasi — two — dimensional systems are especially interesting, mainly because most of 
high — Tc oxides demonstrate strongly anisotropic electronic properties. Here we shall make 
the simplest estimates for such systems on the line of loffe — Regel approach. Consider a 
system made of highly — conducting "planes" where the current carriers are "nearly — free" , 
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while the interplane tunnehng is possible only due to some small transfer integral w ^ Ep 
{Ep — is the Fermi energy of two — dimensional gas within the plane). Conductivity within 
the plane is determined for small disorder as: 

ail = e^D\\N{EF) (2.9) 

where D\\ = VpT/2, N(Ep) = m/ {ixa^fi^)^ a_|_ — is interplane spacing, which is noticeably 
larger than interatomic distance within the plane. Interplane conductivity is given by: 

<y± = e^D^N^Ep) (2.10) 

where D_l = {wa^Yr /fi^ . The appropriate mean free paths are l\\ = VpT, l± = wa^r/fi. 
loffe-Regel criterion for a quasi — two — dimensional system can be written as: 

l±_ = wa±T/h ~ a± (2-11) 

which is equivalent to wr/h ~ 1 — the condition of breaking of coherent tunneling between 
the planes. Elementary estimate shows that this corresponds to: 

^~7&^~'' (2.12) 



where a — is interatomic distance within the planes. In isotropic case this reduces to Eq.( p.5|) . 
For strongly anisotropic system when cry ^ a± it is clear that Eq.( p.l2 ) can be satisfied even 



for cry ^ ac, because of small values of a±. Formally, for a± — >• 0, critical value of ay diverges, 
that reflects on this elementary level the tendency towards complete localization for purely 
two — dimensional case. 

The important property of energy spectrum in the region of localized states is its local 
discretness. As we noted above, the physical meaning of localization itself leads to a picture 
of close energy levels being far apart in space, despite the continuous nature of average 
density of states. Due to exponential decay of the localized wave functions it leads to the 
absence of tunnelingS. The energy spacing between levels of electrons localized within the 
sphere of the radius of the order of Rioc{E) can be estimatedii as: 

6p, ^ [NiEp)Rfj-' (2.13) 

As the metallic system moves toward Anderson transition, i.e. as the mean free path drops 
to interatomic distance and conductivity becomes less than ~ lO^Ohm'^cm'^ there appear 
the well known anomalies like the negative temperature coefficient of resistivityislil. These 
anomalies are apparently closely connected with localization phenomenal. 

Up to now we discussed Anderson transition, neglecting electron interactions. Its impor- 
tance for the problem of metal — insulator transition in disordered systems was known for a 
long timei. In recent years there was a serious progress in the general approach to a theory 
of "dirty" metals, based on the analysis of interference of impurity scattering and Coulomb 
interactiond^i^. Later we shall review its implications for the general picture of Anderson 
transition. Apparently the continuous nature of metal — insulator transition is not changed 
though interaction lead to a number of specific effects, e.g. in the behavior of the density of 
states at the Fermi level, as well as to the growth of magnetic (spin) fluctuations. Here we 
shall briefly describe the concept of "soft" Coulomb gap appearing below the transition in 
the region of localized state£irii. Coulomb interaction between localized electrons can be 
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estimated as e^jeRioc-, and it is obviously important if this energy is comparable with the 
local level spacing \N {Ep)l{^g^~^ (for three — dimensional system). As a result a Coulomb 
pseudogap appears at the Fermi level with the width: 

Ae^(eVe=^/2)[iV(E^)]i/2 (2.14) 

where e is the dielectric constant. We shall see later that close to the Anderson transition 
e 4TTe'^N{EF)Rfoc and accordingly: 

A, ^ [N{EF)RfJ-' ^ 6e, (2.15) 

so that in this case Coulomb effects are comparable with the effects of discretness of energy 
spectrum in localized phase. At the moment there is no complete theory connecting the 
localization region with metallic phase within the general approaches of interaction theory. 



B. Elementary Scaling Theory of Localization 

The behavior of electronic system close to the Anderson transition can be described by 
a scaling theory similar to that used in the theory of critical phenomenally. The main 
physical idea of this approach is based upon a series of scale transformations from smaller to 
larger "cells" in coordinate space with appropriate description of a system by transformed 
parameters of initial Hamiltonian. These transformations are usually called renormalization 
group. In the theory of critical phenomena this approach is usually motivated by the growth 
of correlation length of order — parameter fluctuations near the critical point0. This is anal- 
ogous to the growth of localization length on the approach of mobility edge from Anderson 
insulator. 

The accepted scaling approach to localization problem was proposed by Abrahams, An- 
derson, Licciardello and Ramakrishnan0. In this theory localization is described in terms of 
conductance g a.s a function of a sample size L. For a small disorder {ppl/h ^ 1) the system 
is in a metallic state and conductivity a is determined by Eq. (|2.2|) and is independent of 
a sample size if this size is much larger than the mean free path, L ^ I. Conductance is 
determined in this case just by Ohm law and for a d — dimensional hypercube we have: 

giL) = aL''-' (2.16) 

If electronic states near the Fermi level are localized, conductivity of an infinite system at 
T = is zero and matrix elements for transitions between different electronic states drop 
exponentially on distances of the order of Rioc- Then it can be expected that for L ^ Rioc, 
the effective conductance becomes exponentially small: 

giL)^expi-L/Ri,,) (2.17) 

Elementary scaling theory of localization assumes that in general case the conductance of a 
hypercube of a size L satisfies the simplest differential equation of a renormalization group: 

'^^m (2.18) 

Most important assumption here is the dependence fo l3d{g) only on one variable g (one — 
parameter scaling). Then the qualitative behavior of Pg can be analyzed in a simplest possible 
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way interpolating between limiting forms given by Eq. (|2.16|) and Eq. ( |2.17|) . For metallic 
phase (large g) from Eq. (p.l6|) and Eq.( p.l8|) we get: 



\imPaig)^d~2 (2.19) 



For insulator {g — > 0) from Eq. (|2.18|) and Eq. (|2.17|) it follows that: 



limjdig) ^ In^ (2.20) 

5^0 g^ 

Assuming the existence of two perturbation expansions over the "charge" g in the limits of 
weak and strong "couplings" we can write correction to Eq. ( |2.2(J| ) and Eq. ( |2.19| ) in the 
following form: 

l3d{g^Q)=ln^{l + hg + ---) (2.21) 

9c 

01 

I3d{g ^oo) = rf-2-- + -- - a>0 (2.22) 

Following these assumptions and supposing now monotonous and continuous form of (3d{g) 
it is easy to plot it qualitatively for all g, as shown in Fig. ^ All the previous equations 
are written for dimensionless conductance, which is measured in natural units of e^/h ~ 
2.blQ~^0hm~^cm~^ . We see that I3(i{g) definitely has no zeros for < 2. If expansion Eq. 
( ^.22| ) is valid there is no zero also for d = 2. For d > 2 (3d — function must have a zero: 
Pd{gc) = 0. It is clear that ~ 1 and no form of perturbation theory is valid near that zero. 
The existence of a zero of f3d{g) corresponds to existence of an unstable fixed point of Eq. 
( p.l8| ). The state of a system is supposedly determined by disorder at microscopic distances 
of the order of interatomic spacing a, i.e. by go = g{L = a). Using gQ as an initial value and 
integrating Eq. ( |2.18| ) it is easy to find that for go > g^ conductivity = g{L)L'^^'^ tends 
for L ^ oo to a constant (metallic) value. For g < gc in the limit of L cxd we get insulating 
behavior. Using for g ^ gc an approximation (shown with circles in Fig. ^): 

(3di9) ^ -In^ ^ (2.23) 

^ 9c y gc 

we obtain from Eq. ( |2.18| ) for g^ > gc the following behavior of conductivity for L ^ cxd: 

2 / \ id-2)u 2 / \ {<i-2)u 

where A = const and we have explicitly introduced the conductivity scale of the order of cTc. 
(Cf. Eq. (p.5|) ). We see that the existence of a fixed point leads to the existence of mobility 
edge, and behavior of (3d{9) close to its zero determines the critical behavior at the Anderson 
transition. Under these assumptions conductivity continuously goes to zero for go ^ gc, and 
the value of cXc ~ e'^ / {ha'^~'^) is characteristic scale of conductivity at the metal — insulator 
transition. To get a discontinuous drop of conductivity at the mobility edge Pd{9) must be 
nonmonotonous as shown by dashed line for = 2 in Fig. (|^). This behavior seems more or 
less unphysical. 

Integrating Eq. (p.l8|) with Pdig) from Eq. (|2.23|) with initial go < gc gives: 
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From here it is clear (Cf. Eq. ( p.7| )) that: 

Rioc ~ a 



f A 


In 


90 




[ 




9c 


a J 






—u 




9o - 


9c 






9c 









(2.25) 



(2.26) 



and V is the critical exponent of localization length. For d = 2 we have i^di^g) < in the 
whole interval of so that (Tl^oo —>■ for any initial value of g, so that there is no mobility 
edge and all states are localized. 

For d > 2 limiting ourselves by those terms of perturbation expansion in g'^ shown in 
Eq. ( |2.22| ) we can solve Pd{gc) = to find: 



a 



9c 



d-2 



(2.27) 



We can see that for (i — 2 the mobility edge goes to infinity which corresponds to complete 
localization in two — dimensional case. Now we have: 



Pd{9-9c) -{d-2) 



9o ~9c 
. 9c 



(2.28) 



and for the critical exponent of localization length we get (Cf. Eq. ( p.23|) ): 

1 



d-2 



(2.29) 



which may be considered as the first term of e — exDansion near d = 2 (where e = d — 2), i.e. 
near "lower critical dimension" for localizationSSa. Note that the expansion Eq. ( 2.22|) can 
be reproduced in the framework of standard perturbation theory over impurity scatteringElS. 
For d = 3 this gives a = vr'^ (Cf.Ref.l). 

Let us define now correlation length of localization transition as: 



6oc ~ a 



9o - 9c 



9c 



(2.30) 



For go < g^ this length coincides with localization length Rioc- It is easy to see that Eq. 
( p.24| ) can be written as:0 



a ^ Ag, 



d-2 
loc 



(2.31) 



It follows that for g > g^ correlation length E,ioc determines behavior of conductivity close 
to the mobility edge, when this length becomes much larger than interatomic distance and 
mean free path. 

Let us consider three — dimensional case in more details. Integrating Eq. ( |2.18|) with 
[3^{g) = 1 — gd g where gc = a gives g{L) = {h/e^)aLL = {fi/e^)a + gc so that for a finite 
sample close to the mobihty edge {^loc ^ "^^ obtain: 



ctl = cr + 



hL 



(2.32) 
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where in correspondence with Eq. (p.31|) 



a ^ Ag,—- (2.33) 

It follows that for L ^ C^ioc ^ I conductivity ai c while for / -C L -C C,ioc conductivity 
ai and the appropriate diffusion coefficient, determined by Einstein relation a = e^DN^Ep) 
are equal to: 

- # (2.34) 

where N{Ep) is the electron density of states at the Fermi level. Thus in this latest case 
conductivity is not Ohmic, diffusion of electrons is "non — classical" 0'!. From this discussion 
it is clear that the characteristic length ^loc in metallic region determines the scale on which 
conductivity becomes independent of sample size. Close to the mobility edge when ^loc — > oo 
only the samples with growing sizes L ^ ^loc can be considered as macroscopic. These 
considerations allow to understand the physical meaning of diverging length C,ioc of scaling 
theory in metallic regionHl. Close to the mobility ^loc is considered as the only relevant length 
in the problem (with an exception of a sample size L) and the scaling hypothesis is equivalent 
to the assumption of: 

/ r \ 

(2.36) 

where f{x) — is some universal (for a given dimensionality d) function. In metallic region for 
L ^ ^loc ^ Ht is obvious that /(x) ~ x'^~^ which reproduces Eq. ( p.31| ). 

For finite frequencies u of an external electric field a new length appears in the system^: 




1/2 

(2.37) 



where D{uj) — is the frequency dependent diffusion coefficient. is a length of electron 
diffusion during one cycle of an external field. Close to the mobility edge ^/oc is large and for 
Luj < ^loc, L and L^^ become the relevant length scale. In general, for finite u localization 
transition is smeared, a sharp transition is realized only for = = 0. Thus for the 
finite frequency case the scaling hypothesis of Eq. (|2.36|) can be generalized as:@ 



9{L,uj) = f(^,^] (2.38) 

\<,loc <,loc J 

where g denotes a real part of conductance. In metallic phase for L ^ C^ioc we have g ~ L'^^^ 
so that: 

a{uj) = —L^-'^f { — — ^ ^ —(t"^f {oo — ^ 




(2.39) 
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For small frequencies, when L^^ ^ ^joc, we can write down the universal function F{x) as 
F{x) ~ Aqc + Bx'^~'^ which reproduces Eq. (|2.31|) and the small frequency corrections found 
earlier inC3. For -C $,ioc i-e. for high frequencies or close to mobility edge the relevant 
length is and frequency dependent part of conductivity is dominating. In particular at 
the mobility edge itself the length ^loc drops out and must cancel in Eq. (|2.38|) which leads 
to: 



D{uj) 



-2 



2 



(2.40) 



On the other hand, according to Einstein relation we must have cr(cj) ~ D{uj). Accordingly, 
from [uj / D{uj)]^'''~'^^^'^ ~ D{uj) we get at the mobility edge: 



d-2 



a{uj,EF = E^) ^ D{uj) ^ uj— (2.41) 

For ci = 3 this leads0iii to ciuj) ~ D{uj) ~ u^/'^. The crossover between different types of 
frequency dependence occurs for L ~ ^loc which determines characteristic frequency:L-j 

The co'('^^2)/rf — behavior is realized for uj ^ uj^.^ while for <^ we get small corrections of 
the order of ~ cj('^-2)/2 to Eq. (IQlp . 

Finally we must stress that for finite temperatures there appear inelastic scattering pro- 
cesses which destroy the phase correlations of wave functions at distances greater than a 



characteristic length of the order oi = ^ Dt^ , where D is the diffusion coefficient due to 
elastic scattering processes considered above and is the "dephasing" time due to inelastic 



processed^. For T > this length effectively replaces the sample size L in all expressions 
of scaling theory when L ^ L^, because on distances larger than all information on 
the nature of wave functions (e.g. whether they are localized or extended) is smeared out. 
Taking into account the usual low — temperature dependence like ~ (where p is some 
integer, depending on the mechanism of inelastic scattering) this can lead to a non — trivial 
temperature dependence of conductivity, in particular to a possibility of a negative temper- 
ature coefficient of resistivity of "dirty" metalsH which are close to localization transition. 
It is important to stress that similar expressions determine the temperature dependence of 
conductivity also for the localized phase until < Rioc- Only for > Rioc the localized 
nature of wave functions starts to signal itself in temperature dependence of conductivity 
and the transition to exponentially activated hopping behavior takes place, which becomes 
complete for T < [N{EF)RfJ-\ 



C. Self Consistent Theory of Localization 

1. Isotropic Systems 

It is obvious that qualitative scaling picture of Anderson transition described in the 
previous section requires microscopic justification. At the same time we need a practical 
method of explicit calculations for any physical characteristic of electronic system close to 
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the mobility edge. Here we shall briefly describe the main principles of so called self — 
consistent theory of localization which while leaving aside some important points, leads to 
an effective scheme for analysis of the relevant physical characteristics important for us. This 
approach, first formulated by Gotzeilii was later further developed by VoUhardt and Wolfie 
and other authorsi'iiliiiili@. 

Complete information concerning Anderson transition and transport in a disordered sys- 
tem is contained in the two — particle Green's function: 

$J^,(E^q) = < G^(p+P-i5^ + uj)G^{p'^p^E) > (2.43) 

where p+_ = pl(l/2)q, in most cases below E just coincides with the Fermi energy Ep- 
Angular brackets denote averaging over disorder. Graphically this Green's function is shown 
in Fig. It is well known that this Green's function is determined by the Bethe — Salpeter 
equation also shown graphically in Fig . ^pHil: 

^Si'iEciu;) = G\E + .;p+)G^(Ep_) |-^5(p " P ) + E f^pp"(q^)<^?4'(^q^) | (2-44) 

where G^'^{E'p) — is the averaged retarded (advanced) one — electron Green's function, 
while irreducible vertex part f/^, (qcj) is determined by the sum of all diagrams which can 
not be cut over two electron lines (Cf. Fig. 

In fact, two — particle Green's function Eq. ( ^.43| ) contains even some abundant infor- 
mation and for the complete description of Anderson transition it is sufficient to know the 
two — particle Green's function summed over pp'il: 

$|^(qo;) = ^ < G«(p+pVE + u:)G\p'_p^E) > (2.45) 

pp' 

Using Bethe — Salpeter equation Eq. ( |2.44| ) and exact Ward identities we can obtain a closed 
equation for $^"^(qti;)iiiii, and for small u and q the solution of this equation has a typical 
diffusion — pole form: 

$|^(qcu) = -N{E) — ^- — (2.46) 

where N{E) — is electron density of states at energy E and the g'enera/izec? diffusion coefficient 
DEiquj) is expressed through the so called relaxation kernel ME^qu) : 

/ N 2E 1 vl i , , 

where vp is Fermi velocity of an electron. The retarded density — density response function 
at small u and q is given by: 

X^'M = a;$i^(qa;) + N{E) + 0{u, q^) (2.48) 

or from Eq. ( |2.46|) : 

u + iDE{ciuJ)q^ 



15 



For relaxation kernel Me{(Iuj) (or for generalized diffusion coefficient) a self — consistency 
equation can be derived, which is actually the main equation of the theoryH'^B. The central 
point in this derivation is some approximation for the irreducible vertex part ?7^,(qti;) in 
Bethe — Salpeter equation. The approximation of Vollhardt and Wolfie is based upon the use 
for Uppi{quj) of the sum of "maximally-crossed" graphs shown in Fig. ^ This series is easily 
summed and we get the co called "Cooperon"EiS: 



where 



Do = ^ = -At (2.51) 

is the classical (bare) diffusion coefficient determining Drude conductivity Eq. (p.2|) . For 
point scatterers randomly distributed with spatial density p {V is scattering amplitude) we 
have: 

7 = 7^ = t^pV^N{Ef) (2.52) 

IT 

These "maximally crossed" diagrams lead to the following quantum correction to diffusion 
coefficient: 

8D{^) ^ 1 531 

Appropriate correction to relaxation kernel can be expressed via the correction to diffusion 
coefficient as: 

Considering the usual Drude metal as the zeroth approximation we get: 

5Me{uj) = -^6D{uj) (2.55) 

The central point of the self-consistent theory of localizationil reduces to the replacement 
of Drude diffusion coefficient Dq in the diffusion pole of Eq. (|2.53| ) by the generalized one 
D[lj). Using this relation in Eq. (|2.55|) we obtain the main equation of self-consistent theory 
of localization determining the relaxation kernel M(Ouj) (for q = 0)E3'E3: 

Me{u^) = 2^7 (l + ^ E ^, J I (2-56) 

or the equivalent equation for the generalized diffusion coefficient itself: 

Do . 1 ^ 1 
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Cut — off in momentum space in Eqs. ( p.53| ), ( p.56| ), (p.57|) is determined by the limit of 
applicability of diffusion — pole approximation of Eq. (p.46 ) or Eq. ( p.50|) i: 

ko^ Min{pF,l~^} (2.58) 

Close to the mobility edge pp ~ Note, that from here on we are generally using natural 
units with Planck constant h = 1, however in some of the final expressions we shall write h 
explicitly. 

Conductivity can be expressed asiSe^ 

2 

a(u}) = ^ e'^DE(uj)N(E) for w (2.59) 

where we have used n/N{E) = 2E/d. It is clear that for metallic phase Me{u) ^ 0) = i/Tp, 
where te is generalized mean free time. Far from Anderson transition (for weak disorder) 
te ^ T from Eq. ( p.52| ) and Eq. ( |2.59| ) reduces to standard Drude expression. 

If the frequency behavior of relaxation kernel leads to the existence of a limit 
/im^_,oCo'M£;(qci;) a singular contribution appears in Eq. ( p.46| ) for ^ SB 

where we have defined: 

RlAE) = -^i.m_„-^ (2.61) 

According to the general criterion of localizationili (Cf. Appendix A) this behavior corre- 
sponds to the region of localized states. Using Eq. (A 16) we immediately obtain from Eq. 
( p.60| ) the singular contribution to Gorkov — Berezinskii spectral density (Cf. Eqs. (A 8), (A 
9)): 

« PEPE+. »J= = (2.62) 

where 

^^(^) = ^^J(T^^ 2 ^ 1 - Rlc{E)q^ for g ^ (2.63) 

From here and from Eq. (A 11) we can see that Rioc{E) as defined in Eq. (|2.61|) is actually 
the localization length. It is useful to define a characteristic frequencyil: 

ujI{E) = -lim^^QUoME{uj) > (2.64) 

so that 



Thus, the localization transition is signalled by the divergence of relaxation kernel for u — >■ 
oH, so that two characteristic types of it behavior for q = and u ^ appear: 
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Me{Ouj) 



^ for E > Er 



i 



for E <Er. 



(2.66) 



The frequency uJo{E) is in some crude sense analogous to the order parameter in the usual 
theory of phase transitions. It appears in the localized phase signalling about Anderson 
transition. 

From Eq. (A 16) neglecting nonsingular for — > and q = contribution from 
/m$^^(qti;) we can get exj^licit expression for Berezinskii — Gorkov spectral density which 
is valid for small oj and qE 



< PEPE+UJ >c 



1 DeQ^ 
7T uj^+iDEq^)^ 

As(q)5(cu) 



(Metal) 



TT ij'2 + [L^l{E)TE+DEq'^ 



(Insulator) 



(2.67) 



where we have introduced renormalized diffusion coefficient, determined by relaxation time 
te- 



D, 



2E 



1 



3— = -VpTE 

am a 



(2.68) 



Substituting Eq. into self — consistency equation Eq. (|2.56|) we can obtain equations 

for Te and C(Jo(-E')"'E3lII and thus determine all the relevant characteristics of the system. For 
d > 2 Eq. ( |2.56| ) and Eq. (|2.57| ) do really describe metal — insulator transitionli'ii'iii. For 
d = 2 all electronic states are localizedi^. 

Below we present some of the results of this analysis which will be important for the 



following. For 2 < < 4 a correlation length similar to that of Eq. (|2.7|) and Eq. (|2.3CI| ) 
appears: 



^lUE) 

Pf 



E-Er 



E. 



for E ^ Er 



(2.69) 



where u = l/{d — 2) . The position of the mobility edge is determined by a condition: 

d 

'TT ( r 

e=e, 



E 

7 



7r(d- 2) 



(2.70) 



which follows if we assume the cut — off ko = pp in Eq. ( p.56|) and Eq. ( p. 57] ). Static 
conductivity in metallic phase {E > E^) is given by (Cf. Eq. ( p.31| ): 



\PEiUE)Y-' 

where cxo = {ne^ /m)T is usual Drude conductivity. In particular, for d = 3 : 



(2.71) 



E 

7 



PfI\ 



E=Ec 



E=E„ 



3 

TT 



in complete accordance with loffe — Regel criterion , and 



a 



(2.72) 



(2.73) 



Critical exponent u = 1. Mean free path which follows from Eq. ( |2.72|) corresponds to Drude 
conductivity : 



ne 



-T 



m 



E=Er_ 



e^PF 




e^PF 



E=Ec 



(2.74) 



which is equivalent to elementary estimate of Eq. 
Eq. ( p.73|) can also be rewritten asH : 



^0 1 



O"0 



(2.75) 



where Drude conductivity cxo is now the measure of disorder. It is obvious that for small 
disorder (large mean free path) ctq ^ and Eq. ( p.75| ) reduces to a ~ o"o. As disorder grows 
(mean free path drops) conductivity a — > for ctq — > Cc- 

In dielectric phase {E < E^) we have ^ioc{E) = Rioc{E) and finite uJq{E) from Eq. ( |2.64| ) 
which tends to zero as E ^ E^ from below. This frequency determines dielectric function of 
insulating phasel : 



e(cu ^ 0) = 1 + 



ul{E) 



1 + nlRl^E) 



E-Er 



Er. 



'2u 



(2.76) 



Ane^N^E) is the square of 



where uj^ = Aime^ /m is the square of plasma frequency, 
inverse screening length of a metal. 

Thus the main results of self — consistent theory of localization coincide with the main 
predictions of elementary scaling theory of localization. Vollhardt and Wolfie had shown0'ii 
that equations of this theory and especially the main differential equation of renormaliza- 
tion group Eq. ( |2.18| ) for conductance may be explicitly derived from self — consistency 
equations Eq. ( |2.56|) and Eq. (|2.57|) reformulated for a finite system by introduction of 
low — momentum cut — off at A; ~ 1/L, where L is the system size. 

The results considered up to now are valid for — > 0. Self — consistent theory of lo- 
calization allows to study the frequency dependence of conductivity (generalized diffusion 
coefficient )ii. At finite frequencv the main Eq. ( p.57| ) for the generalized diffusion coefficient 
for c? = 3 can be rewritten asilS: 



De{uj) 
Do 



El 
E 



1/2 



2 



Er 



1/2 



lUO 



Dn 



1/2 



E J 



(2.77) 



which can be solved explicitly. With sufficient for our aims accuracy this solution may be 
written as: 



' De uj <^uJc E>Ec (Metal) 
Dr(uo) ^ < ^ oj ^ ojc (Metal and Insulator) 

De— — 3D% 2, uj -^oJc E < Ec (Insulator) 



(2.78) 



4 



where (Cf. Eq. 



loc\ 



N{E)C, 



d 

oc 



(2.79) 
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Here the renormalized diffusion coefficient: 

At the mobihty edge itself iioc{E = E^) = oo, so that cOc = and we get the u^^^ — behavior 
(Cf. Eq. (113)): 



'lUj\ 



1/3 



De{u;) = Do j (2.81) 

Note that cOc is in fact determined hj De{uJc) ^ De ^ Do(^c/27)^''^. The meaning of the limit 
u; ^ used above (Cf. e.g. Eq. (|2.66| )) is just that uj <^ ujc- In particular, the expression Eq. 
( p. 67 ) for Gorkov — Berezinskii spectral density is valid only for uj <^ uj^.. For < u; < 27, 



using Eq. ( p.81| ) in Eq. ( |2.46[ ) we get from Eq. (A 16): 



p_ a2/3^1/3^2 
« PEPE+^ »q- ^^2 + ^2/3^4/3^2 + ^4/3^2/3^4 (2.82) 



where a = DqVf/'^^I = DqI ~ [N{E)]~^ , where the last estimate is for I ~ p']^^. Eq. ( |2.82| ) 
is valid also at the mobility edge itself where tUc = 0. Obviously the correct estimate can 
be obtained from Eq. ( |2.67|) by a simple replacement De Do(uj/'jY^^. It should be 
noted that the self-consistent theory approach to the frequency dependence of conductivity 
is clearly approximate. For example it is unable to reproduce the correct Rea{uj) ~ u'^ln'^uj 
dependence for — in the insulating statei. This is apparently related to its inability to 
take the correct account of locally discrete nature of energy levels in Anderson insulators (Cf. 
below). However this is unimportant for our purposes while the general nature of frequency 
dependence at the mobility edge is apparently correctly reproduced. 

In the following analysis we will also need a correlator of local densities of states defined 
in Eq. (A 3). This correlator can be expressed via two — particle Green's function as in 
Eq. (A 15). Neglecting nonsingular for small uj and q contribution from the second term 
of Eq. (A 15) and far from the Anderson transition (weak disorder) we can estimate the 
most important contribution to that correlator from the diagram shown in Fig. |.i The 
same contribution comes from the diagram which differs from that in Fig. |] by direction of 
electron lines in one of the loops. Direct calculation gives: 



7^ J -tiu + DoQ^ -tLU + Do{Q + q)^ 

/ . , „.9N9_^/o (2-83) 



N{E) (-^^ + wy-'^/^ 

For the first time similar result for this correlator was found for some special model by 
Oppermann and Wegneril. For d = 3 from Eq. ( |2.83| ) we find: 



1/2 

(2.84) 



It is obvious that for the estimates close to the mobility edge we can in the spirit of self — 
consistent theory of localization replace Dq in Eq. (|2.83|) and Eq. (|2.84| ) by the generalized 
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diffusion coefficient D^u). In particular, for system at the mobility edge {uc = 0) Dq ^ 
Doiujhf/^ in Eq. ( glSlD . 

Surely, the self — consistent theory of localization is not free of some difficulties. Appar- 
ently the main is an uncontrollable nature of self — consistency procedure itself. In more 
details these are discussed in Refs.BS. Here we shall concentrate only on some problems 
relevant for the future discussion. From the definition of generalized diffusion coefficient in 
Eq. ( |2.47D it is clear that it may be a function of both uj and q, i.e. it can also pos- 
sess spatial dispersion. Self — consistent theory of localization deals only with the limit of 
D£;(q — >■ Ocu). At present it is not clear whether we can in any way introduce spatial disper- 
sion into equations of self — consistent theory. Using scaling considerations the q — dependence 
of DE{f\oj 0) can be estimated as follows.i'ii We have seen above that for the system of 
finite size of L -C ^,ioc elementary scaling theory of localization predicts the L — dependent dif- 
fusion coefficient De ~ {gc/N{E))/L'^~'^ (Cf. Eq. ( p.35| ) for d = 3). From simple dimensional 
considerations we can try the replacement L q^^ and get: 

De{u: - Oq) ^ I ^^^^^ ^ ^ (2.85) 

where a ~ gc/N{E) ~ DqI and E ~ Ec, l^^ ~ Pf- Obviously an attempt to incorporate 
such q — dependence into equations of self — consistent theory of localization (like Eq. ( |2.56| ) 
and Eq. ( p.57|) ) will radically change its structure. At the same time the L — dependence 
like De ^ a/L^'"^ (for L -C ^loc) can be directlv derived from Eq. ( f^.ST] ) as equations of 
elementary scaling theory are derived from itaHHHi. Thus the foundations for the simple 
replacement L q~~^ like in Eq. (p^.85D are not completely clear. More detailed analysis of 



wave number dependence of diffusion coefficient leading to Eq. ( |2.85| ) was given by Abrahams 



and within the scaling approach. However, the complete solution of this problem is 



apparently still absent. In a recent papeiH it was shown that Eq.( |2.85D actually contradicts 
the general localization criterion of Berezinskii and Gorkov, from which it follows directly 
that at the localization transition the static diffusion coefficient D{uj = 0, q) vanishes for 
all q simultaneously. The detailed analysis performed in Ref.ii demonstrates the absense of 
any significant spatial dispersion of diffusion coefficient on the scale of q ~ while its 
presence on the scale of q ^ pf is irrelevant for the critical behavior of the system close to 
the Anderson transition. In fact in Ref.i^ it is claimed that the exact critical behavior at the 
mobility edge coincides with that predicted by the self-consistent theory of localization. 

Finally we should like to stress that self — consistent theory of localization can not be 
applied "deep" inside localization region. Its derivation is based on a kind of extrapolation of 
"metallic" expressions and it does not take into account local discreteness of energy spectrum 
in the region of localized states as discussed in previous section. This is reflected in the form 
of one — particle Green's function used in self — consistent theorj^'SilB. It does not describe 
the effects of local level repulsion, though it does not contradict it.il Thus self — consistent 
theory of localization can be applied within localized region only until local energy spacing 
given by Eq. ( |2.13| ) is much smaller than other relevant energies of the problem under 
consideration. In fact this always leads to a condition of sufficiently large localization length 
Rioc, i.e. the system must be in some sense close to the mobility edge. 
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2. Quasi-Two-Dimensional Systems 



Self — consistent theory of localization for quasi — two — dimensional systems was first an- 
alyzed by Prigodin and Firsovil. The electronic spectrum of a quasi — two — dimensional sys- 
tem can be modelled by nearly — free electrons within highly conducting planes and tight — 
binding approximation for interplane electron transfer: 

E{p) - Ef = vfUpwI -Pf) - wip{pA_) (2.86) 

Here w is the interplane transfer integral and ^{p±) = cosp±a±, where — 7r/a± < p± < 
7r/a±. Then the equations of self — consistent theory of localization for anisotropic generalized 
diffusion coefficient take the following form0: 



ttN{Ef) J (27r)3 -iuj + Z^iiHgJ + D^{iu){l - ip{q^)) 

where j = ||, X, and = D\ = (wa^)^ T are inplane and interplane bare Drude dif- 

fusion coefficients, r is the mean free time due to elastic scattering (disorder). This approach 
is in complete correspondence with the analysis of Wolfle and BhatlP^ who has shown that 
the effects of anisotropy can be completely absorbed into anisotropic diffusion coefficient. It 
can be seen that the initial anisotropy of diffusion coefficient does not change as disorder 
grows up to the Anderson transition and in fact we have only to find one unknown ratio: 

= = (2-88) 

which is determined by algebraic equation following from Eq. 



1 2 

"^^'^^ " ^ " 2^^^''[-iur/d{u)] + {wry + [{-iuT/d{uj)){-iuj/d{uj) + 2w^r^)Y/^ ^^'^^^ 

Due to a quasi — two — dimensional nature of the system there is no complete localization 
for any degree of disorder which is typical for purely two — dimensional system. However the 
tendency for a system to become localized at lower disorder than in isotropic case is clearly 
seen. All states at the Fermi level become localized only for w < Wc, where 



V2T-^exp{-7iEFT) (2.90) 



Thus the condition of localization is actually more stringent than given by the simplest 
loffe — Regel type estimate as in Eq. (|2.11| ). For fixed w the mobility edge appears at: 




Ef = E^= — In — (2.91; 



Thus in case of strong anisotropy when wt <^ 1 localization can in principle take place even 
in case of Ef ^ t~^, i.e. at relatively weak disorder. These estimates are in qualitative 
accordance with Eq. (|2.11|) , which is valid in case of relatively strong disorder Eft ~ 1. 



In the metallic phase close to the Anderson transition: 



Ef - Ec , , 

aj = aj — (2.92) 
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For w ^ we have Ec ^ oo which reflects complete localization in two dimensions. We 
can also define inplane Drude conductivity at Ep = E^ a.s a kind of a "minimal metallic 
conductivity" in this characteristic conductivity scale at the transition: 



al = e'N{Ep)Dl{Ep = E^) = -^^In (^] ^ ^^^In (^) (2.93) 

where we have used N(Ep) = 171/(71 a ±71^), m is inplane effective mass, and the last equality 
is valid for Epr/h ~ 1, i.e. for a case of sufficiently strong disorder. For the time being 
we again use h explicitly. From these estimates it is clear that inplane "minimal conductiv- 
ity" is logarithmically enhanced in comparison with usual estimates (Cf. Eq. ( p.5|) ). This 
logarithmic enhancement grows as the interplane overlap of electronic wave functions di- 
minishes. Accordingly in case of small overlap [wr/h <^ 1) this conductivity scale may be 
significantly larger than (3 — 5)10^O/im"^cm~^ which is characteristic for isotropic systems. 
Thus in quasi — two — dimensional case Anderson transition may take place at relatively high 
values of inplane conductivity. For a typical estimate in a high — system we can take some- 
thing like Ep/w > 10 so that the value of (t| may exceed 10^Ohm~^cm~^. Obviously these 
estimates are in qualitative accordance with elementary estimates based upon loffe — Regel 
criterion of Eq. ( ^111 ) and Eq. ( |2.12| ). Similar conclusions can be deduced from the analysis 
presented in Ref"0 where it was shown by a different method that in case of anisotropic 
Anderson model the growth of anisitropy leads to a significant drop of a critical disorder 
necessary to localize all states in a conduction band. 

Now let us quote some results for the frequency dependence of generalized diffusion 
coefficient in quasi — two — dimensional case which follow from the solution of Eq. ( |2.89| )^. 
We shall limit ourselves only to the results valid close to the mobility edge in metallic phase: 

d{Lu) ^ { i2n Epwr^y^/^i-icury/^ < < (2.94) 

- 2^1^ (±) « ^ « 



V2n\ 1 , /Ef 



where 



LVc ^ [27rEpWT'^]^^ 



Ep — Ec 



Er. 



(2.95) 



From these expressions we can see the crossover from cu^^^ — behavior typical for isotropic 
three — dimensional systems to logarithmic dependence on frequency which is characteristic 
for two — dimensional systems. 



3. Self- Consistent Theory of Localization in Magnetic Field 

Early version of self-consistent theory of localization as proposed by VoUhardt and Wolfie 
was essentially based upon time-reversal invarianceii'ii. This property is obviously absent in 
the presence of an external magnetic field. In this case in addition to Eq. ( |2.45| ) we have to 
consider two — particle Green's function in particle — particle (Cooper) channel: 

vl>|^(q,u;) = --i. J2 <G^ip^,p'^,E + uj)G''{-p'^,-p^,E> (2.96) 
p+p_ 
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which for small uo and q again has diffusion — pole form like that of Eq. (|2.46|) , but with 
(izjfferent diffusion coefficient. Appropriate generalization of self-consistent theory of localiza- 
tion was proposed by Yoshioka, Ono and Fukuyama0. This theory is based on the following 
system of coupled equations for relaxation kernels Mj (q, tu), corresponding to diffusion co- 
efficients in particle — hole and particle — particle channels: 



^ 2 f^ql-imuJH{n+l/2) ^q^ 1 

(2.97) 



Here uh = eH/mc is cyclotron frequency, Lh = {c/eHY^'^ is magnetic length and Nq = 
qQ/AmuH- These equations form the basis of self-consistent theory of localization in the 
absence of time-reversal invariance and were extensively studied in Refs.&El. Alternative 
formulations of self — consistent theory in magnetic field were given in Refs.&S. All these 
approaches lead to qualitatively similar results. Here we shall concentrate on formulations 
given in Ref.El. 

Let us introduce the dimensionless parameter A = 'j/nE as a measure of disorder and 
generalized diffusion coefficients in diffusion and Cooper channels Di and D2 defined as in Eq. 
( p. 47] ) with M replaced by Mi and M2 respectively. We shall use dimensionless dj = Dj/Dq 
{j = 1, 2) in the following. 

We are mainly interested in diffusion coefficient in the Cooper channel, which as we shall 
see defines the upper critical field of a superconductor. Both this coefficient as well as the 
usual one are determined by the following equations which follow from Eq. ( p.97|) and Eq. 
( p.98| ) after the use of Poisson summation over Landau levels in the first equation which 
allows one to separate the usual diffusion coefficient independent of magnetic field and the 
field — dependent part: 

- (I \ 3A-(52-A2 \-l 

!(l + 3A_t)-i (2-99) 
where 

5, = {3/27rXf/\-iLo/Ey/^d-'^^ (2.100) 



and 



A2 = -3xf:{-iy ['dx2 l^dy- cos(27rpxg/c^) 

Wo io + x + 3/27TX{-iuj/E)/{d2xl) ^ ^ 



p=i 



where c = (2co'///£')^/^.In the following we have to solve Eqs. ( |2.99| ) for the case of small 5. 



•'J 



and A2. Limiting ourselves to terms linear in 61, 62 and A2 we obtain: 



^ = 1 + TtIa ^2.102) 
02 1 + 3A 
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Using Eq. (|2.102|) in Eqs. ( |2.99|) we get an equation for diffusion coefficient in Cooper 
channel: 



^2 = 1 - 3A + ^2 + 



3A 



1 + 3A 



-A, 



(2.103) 



Introducing Ai which differs from A2 by the replacement of ^2 by di we can write down also 
the approximate equation for the usual diffusion coefficient: 



di = l-3X + 5i 



1 



1 + 3A 



Ai 



(2.104) 



In the absence of magnetic field (Ai = A2 = 0) Eq. ( |2.103| ) and Eq. ( |2.104] ) are the same 
and lead to standard results of self — consistent theory quoted above. Eq. (|2.103| ) can be 
written as: 



2mD, =t (|)^/^ + (-|)^/^(2mD2)-^/^ + ^A2 



(2.105) 



where + corresponds to metallic, and — to insulating phases, while characteristic frequency 

3 



3AI 



(|3/2)7rA^ 



E 



(2.106) 



can be considered as a measure of disorder and separate regions with different frequency 
dependencies of diffusion coefficient. 

Neglecting in Eq. ( |2.101| ) terms oscillating with magnetic field (these oscillations are 
connected with sharp cut — off in momentum space used above and disappear for smooth 
cut — off) we get: 



l)P 



(2.107) 



where 



This gives: 



°° cos{t)dt 

\/t + y ' 



K 



-iu/E 



2ujh/E 2mL>2 



J W{2ujh/EY'^ \k\ < 1 



\k\ > 1 



(2.108) 



(2.109) 



where W = - E^i(-l)^/p^/^ ~ 0.603. 

Solutions of Eq. ( f^.l05| ) for different limiting cases can be found in RefS Comparison 
of Eq. ( |2.104|) and Eq. (|2.103|) shows that the usual diffusion coefficient Di is given by 
the same expressions as D2 with the replacement of the coefficient 3A/(1 + 3A) before the 
field — dependent correction by 1/(1 + 3A). Here we only quote the results for D2 in case of 
tOc/ E <^ [ijJh / E^/"^ , valid close to the transition in the absense of magnetic field: 



3A 



1 + 3A 



W{2ujhIEY'^ ^ —W{2uohIEY'^ 
Am 



uj<^uj* (2.110) 
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3A 



3A 



1 {2u;h/E)^ 
48 i-iuj/E) 



o;>o;* (2.111) 



where = {W/2f{2ujH/Ef/^E. 

Note that for high frequencies larger than u* the correction term becomes quadratic in 
field which differs from usual square root behavior at low frequencies. 

It is easy to see that in the absence of the external magnetic field these equations reduce to 
the usual self- consistency equation as derived by VoUhardt and Wolfie with a single relaxation 
kernel. 

Let us finally quote some results for the purely two-dimensional casein. Self-consistent 
equations for the diffusion coefficients take now the following form: 



where fc^ = Amujuin + |), and we assume that u here is imaginary (Matsubara) frequency, 
which simplifies the analysis. Actually only the dependence on the Matsubara's frequencies 
are important for further applications to superconductivity. 

Introduce again the dimensionless diffusion coefficients di = d2 = so that 
Eqs.( |2.lT^ ) are rewritten as: 

1 A , , ,1 . 

1 + 3-/n(l + di- 



d2 di 2uoT 

1 A ^ 1 , , 

ir = ^ + irY. ^,i, . 1 (2-113) 

where Nq = -3 — ^ is the number of Landau levels below the cutoff. We assume that the 

magnetic field is low enough, so that A^o ^ 1? i-e- 

H (2.114) 

With sufficient for further use accuracy we can write down the following solution for the 
diffusion coefficient in Cooper channel: 
For weak magnetic field ujj <^ 

J f 1 for > /o 1 1 c:\ 

'^ = l2.re'A for . « 4^ 

and we can neglect the magnetic field influence upon diffusion. 
For larger fields ujh 3> '^^ 

1 for > £^ 

i;Rlk7) for^-^«u«^ (2.116) 

2urXlnQe'/^''^<^ for 00 < -'''f^'"" 

where Q = 7 ^ 1,781. 

Here we neglect the magnetic field corrections small in comparison to the d2 value in the 
absence of magnetic field given by Eq. (|2.115|) . 
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D. Phase Transition Analogy and Scaling for Correlators 



Scaling description of a system close to Anderson transition can be developed also on the 
basis of some analogies with usual phase transitionsBSI. Most successful in this respect is an 
approach initially proposed by WegneriH^^. 

Let us consider Eq. ( |2.67| ) and Eq. ( |2.83| ) which define basic electronic correlators 



(spectral densities) in a disordered system. For the metallic region we can write: 

Kpiqu) = N{E) « PePe+u. Re . , (2.117) 

jjd/2 

Kniquj) = N{E) « pePe+.. ^^ (,^^^^''^^2)2-^/2 (2-118) 

Wegner has notedH'S that these expressions are in some sense similar to analogous expres- 
sions for transversal and longitudinal susceptibihties of a ferromagnetil: 

. . M , , 

^ = jrZ 2 2.119 



~ jw^-^. (2-120) 

where M is magnetization, H is external magnetic field and ps is the spin — stiffness coeffi- 
cient. Comparing Eqs. (|2TT7|) with Eq. (|TT9D and Eq. (|27IT8| ) with Eq. ( ^120D we can 



write down a correspondence between electron diffusion in a random system and a ferromag- 
net as given in Table. I. 

Now we can use the main ideas of scaling approach in the theory of critical 
phenomena&^BS and formulate similar expressions for electronic system close to the An- 
derson transition. As was noted above scaling theory is based upon an assumption that a 
singular behavior of physical parameters of a system close to a phase transition appears 
due to large scale (long wave — length) fluctuations of order — parameter (e.g. magnetization) 
close to critical temperature Tc. Scaling hypothesis claims that singular dependencies on 
T — Tc reflect the divergence of correlation length of these fluctuations ^ and this length 
is the only relevant length — scale in the critical region. Scaling approach is based upon an 
idea of scale transformations and dimensional analysis. Under the scale transformation the 
spatial interval Ax changes to Ax', according to: 

Ax^Ax' = s-^Ax (2.121) 

Accordingly for the wave — vector: 

q-^q' = sq (2.122) 

Scaling dimensionS of a physical quantity A is equal to A if under scale transformations 
defined by Eq. ( gA2TD and Eq. ( p^ ) we get: 



A^ A' = As^ (2.123) 
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Scaling dimensions for the main characteristics of a ferromagnet are given in terms of stan- 
dard critical exponent^ in Table II. 

Correlation length of the theory of critical phenomena behaves like: 

C-IT-Tcl"'' (2.124) 

The knowledge of scaling dimension of a given physical quantity allows to determine its 
dependence on ^, i.e. on T — T^. For example magnetization M behaves according to Table 
II as: 

M ^ ^-imd-2+r,) ^\r^_ rp^\0 (2.125) 

where the critical exponent of magnetization equals 

= - 2 + r/) (2.126) 

Magnetic susceptibility is given by: 

xici,T-T,)=e~'g{qO (2.127) 

where g{x) is some universal function, such that g{0) ~ const, g(x oo) ~ x~^'^~^\ From 
Eq. ( p.l27| ) we get standard results: 

X(0, T - ^ e^'giO) ~ |T - (2.128) 

where 7 = (2 — 77)// is the susceptibility exponent. Analogously: 

X(q, T = ~ g-2+'' (2.129) 

Here 1] is sometimes called Fisher's exponent. 

It is easy to see that Eq. (|2.127D is equivalent to scaling relation {H — dependence is 
taken from Table II): 

Xisq, s-'^, ,V2(<i+2-,)^) ^ s-^'^^\{q, ^, H) (2.130) 

It is convenient to make transformation \T — Tc\ h\T — Tc\ so that ^ b~'^^ which is 
equivalent to the choice of s = 6^. Then Eq. ( |2.130| ) transforms to: 

X(6^q, b-"^, b-('^+'-^y'H) = r^x(q, ^, H) (2.131) 

Finally note that close to Curie point the spin — stiffness coefficient ps satisfies the so — called 
Josephson relationcll: 

Ps^\T -T^\^'^-'^> (2.132) 

and tends to zero as T —s. Tc from within the condensed phase. 

Consider now the analogy formulated in Table I. Density of states N{E) is nonsingular 
at the mobility edg eit Then considering N{E) as an analog of magnetization M we have 
to assume /5 = 0, i.e. at the localization transition: 

T] = 2-d (2.133) 
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and the "order — parameter" N{E) is nonsingular at the transition E = E^. Accordingly we 
have 7 = dv. Josephson relation Eq. (p. 132 ) now takes the form: 

~ (2.134) 

i.e. in fact is equivalent to Wegner's relation for conductivity given by Eq. (|2.31|) . Correlation 
length exponent v remains unknown. 

For electronic correlators of Eq. ( |2.117|) and Eq. (|2.118|) from Eq. (p.l31|) we obtain 
scaling relationsiiS: 

Kp^nih"^, b'-u, b{E -E,)) = b-'^^Kp^ci, uj,E- E,) (2.135) 

Taking v = l/{d — 2) form Eq. ( |2.29|) for d = 3 and E = Ec (i.e. at the mobility edge itself) 
we get from Eq. ( p.l35| ): 

KF,H{bci, b^oj) = b-^KF,H{^oj) (2.136) 

which is equivalent to: 

Kf,h{^u:) = LIFfAqLu.) (2-137) 

where Ff,h{x) is some universal function and we introduced characteristic length: 

= [cuNiE)]-'/^ (2.138) 

Note that the same scaling dependence follows e.g. for Knif^uj) from Eq. ( p.83| ) or Eq. (|2.84| ) 
after a simple replacement of Dq by a diffusion coefficient given by: 

DE=EM^)=Lz'f{qL^) (2.139) 

where f{x-—>-0)^l and f{x^ oo) x. In particular in the limit of qL^^ — > we get 
F{x) = (1 + x^)~^^^ and the replacement Dq Dq{uj /'jY^^ mentioned in connection with 
Eq. (p.84|) is valid. On the other hand from Eq. ( p.l33| ) it follows that at = we get from 
Eq. (p:T29|) : 

K{q, uj = 0,E = Ec) q-'^ (2.140) 

which is equivalent to Eq. Q^ ) if we take De=e,{uj = 0, q) = aq'^'^ (Cf. Eq. (^)). 

Microscopic justification of this scaling hypothesis can be done with one or another 
variant of field — theory approach based upon nonlinear a — modelil^B. There exist several 
alternative schemes of "mapping" of the problem of an electron in a random field onto field — 
theoretic formalism of nonlinear a — modelsS'il^. The main physical justification of this 
approach is to represent an effective Hamiltonian of an electronic system in a form similar 
to analogous Hamiltonian of Heisenberg ferromagnet below Curie point: 

n = -i^] - HM; = const (2.141) 

2 \dxaj 

As a result an effective Hamiltonian for an electron in a random field in terms of interacting 
modes responsible for the critical behavior close to mobility edge appears. Following Ref.Ea 
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we can introduce an "order — parameter" as a 2n x 2n matrix Q {n — integer). Every matrix 
element of Q can be represented as: 

\ u u / 

where Dij = D*- and Ajj = —A*-, i.e. are elements of Hermitian and antisymmetric ma- 
trices respectively. Analogously = const in a ferromagnet Q — matrix must satisfy the 
condition: 

= 1; TrQ = (2.143) 

Effective Hamiltonian for diffusion modes takes the following formll'ii: 

n = DoTr{-iVQf - iuoTrkQ (2.144) 

Here A is the diagonal matrix with first n elements equal to 1 and the remaining n are —1. 
Correlation function of D — elements corresponds to diffuson, while that of A — elements to 
Cooperon. Parameter n should be put equal to zero at the end of calculations in the spirit 
of famous "replica trick" in the theory of disordered systemsHS. 

This formalism is useful also for the analysis of different kinds of external perturbations, 
such as external magnetic field, magnetic impurities, spin — orbital scattering etc.S. Standard 
methods of renormalization group using perturbation theory over {pfI)~^ ^ 1 reproduces all 
the main results of elementary scaling theory of localization, including the qualitative form of 
j3 — function as in Fig. ^ However the formalism of a — model approach is quite complicated 
and practically does not allow to get explicit expressions for physical characteristics of the 
system, especially in localized phase. 

Many problems of fundamental nature still remain unresolved. Most important are ques- 
tions concerning the role of nonperturbative contributions close to the mobility edgei0ii'@0. 
Note especially strong criticism of one — parameter scaling in Refs.^S. Among a lot of re- 
sults obtained within a — model approach we wish to mention an important paper by LernerS 
where a distribution function for local density of states in a system close to Anderson tran- 
sition was determined and shown to be essentially non — Gaussian. 

For our future analysis it is important to stress that in most cases the results of a — 
model approach practically coincide with predictions of self — consistent theory of localization 
which also neglects all nonperturbative effects, except those determined by some infinite 
resummation of diagrams. It must be stressed that self — consistent theory is based upon 
some uncontrollable ad hoc assumptions and in this respect it is not as well justified as 
a — model approach. However this simple theory as we have seen above allows practical 
calculation of any interesting characteristic of an electronic system close to mobility edge 
including the locahzed phase. 



E. Interaction Effects and Anderson Transition 

The main unsolved problem of the theory of metal — insulator transition in disordered 
systems is the role of electron — electron interactions. The importance of interactions for this 
problem is known for a long time!. In recent years the decisive importance of interactions was 
revealed in the theory of "dirty metals"iiHi^, as well as in the concept of Coulomb gap at the 
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Fermi level of strongly localized electron^ihil. We have already briefly discussed Coulomb 
gap. It appears for strongly localized states. In case of "dirty metals" diffusive nature of 
electronic transport leads to special interference effects between Coulomb interaction and 
disorder scatteringllS. Most important is an appearance of some kind of a precursor to 
Coulomb gap already in metallic state. It is connected with simple exchange correction to 
electron self — energy (cf. Fig.|^) which leads to the following cusp — like correction to one — 
particle density of states in case of the screened Coulomb interaction in three — dimensional 
system!!: 

where Dn is the usual Drude diffusion coefficient. In two — dimensional case this correction 
is logarithmicffl. General belief is that this cusp somehow transforms into Coulomb gap as 
system moves from metal to insulator. However, up to now there is no complete solution for 
this problem. 

Early attempt to describe electron — electron interactions in Anderson insulators in a 
Fermi — liquid like scheme was undertaken in Ref.il. Simple generalization of the theory of 
"dirtv metals"ii"0 along the lines of self — consistent theory of localization was proposed in 
Refs.iiSI. However the most general approach to this problem was introduced by McMillanil 
who proposed to describe the metal — insulator transition in a disordered system by a scaling 
scheme similar in spirit to elementary scaling theory of localization of noninteracting elec- 
trons discussed above. He formulated a simple system of coupled differential equations of 
renormalization group for two effective "charges" : dimensionless conductance g and single — 
particle density of states N{E). Later it was realized that this simple scheme can not be 
correct because it assumed for conductivity the relation like Eq. ( p.59|) with density of 
states while the correct Einstein relation for interacting system contains electron compress- 



ibility dn/d( {C is chemical potential)li22lo£21l, which is not renormalized close to the metal- 



insulator transition as opposed to density of states. The most comprehensive approach to a 
scaling description of metal — insulator transition in disordered systems was formulated by 
FinkelsteinE2j1l°^. Unfortunately more or less explicit solutions were only obtained neglecting 
the scattering and interaction processes in Cooper channel which are mainly responsible, as 
we have seen above, for localization itself. Some attempts in this direction were undertaken 
only in Ref.E2i. This approach is still under very active discussionllsHili and demonstrate 
fundamental importance of interactions. However the problem is still unresolved and most of 
these works consider only the metallic side of transition with no serious attempts to analyze 
the insulating state. 

Below we consider only some qualitative results of this approach, following mainly 



Refs.li^lii^. Fermi liquid theory survives the introduction of disordeilii^, although with some 
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important correctionsElS, and is actually valid up to metal — insulator transition 121 

In the absence of translation invariance there is no momentum conservation and we have 
to use some unknown exact eigenstate 0,y(r) representation for electrons in random field to 
characterize quasiparticles with energies Ei, (Cf. Ref.llli). The free energy as a functional of 
quasi — particle distribution function ris^ey, r) (s — spin variable) is written as in usual Fermi 
liquid theory: 

FK(£„r)} = Y.J dvnsie,r){E, - + j d''v6Ns{v)6Ns'{v)fss' (2.146) 
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where Ns = J^iy'iT'si^u'"') is the total density per spin and fss' = + ss'/° is the quasi — 
particle interaction function. The angular dependence of / — function in dirty case can be 
neglected, because ns{e^r) is assumed to describe electrons on distances larger than mean 
free path there only s — wave scattering is important and Fermi — liquid interaction becomes 
point — like. In an external spin dependent field Vg the quasi — particle distribution function 
obeys a kinetic equation: 

^n, - D W + i-DV') [K + E fss'Ns'] = (2.147) 



where D is quasi — particle diffusion coefficient. Eq. (p.l47|) is obtained from usual Fermi — 
liquid kinetic equationllii by replacing vpd/dr by — DV^ which reflects a crossover from 
ballistic to diffusive transport in disordered system. Solving Eq. ( |2.147|) for density — density 



and spin — spin response functions one gets:l 
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dn Dpq^ 
d( Dpq^ — iuj 



XpM = -77 r. : ■ (2-148) 



X.(q^) = TTT^ (2-149) 

where dn/dC, = N{Ef)/{1 + F^), x = N{Ef)hI/{1 + F^) {fiB is Bohr's magneton) and 

Dp = D{l + F^) (2.150) 



Ds = D{l + FS) (2.151) 

Landau parameters Fq'" are defined by 

N{EF)r = FS N{Ep)r = FS (2.152) 

Here N{Ef) is quasi-particle density of states at the Fermi level (for both spin directions). 
If we neglect Fermi — liquid renormalization effects Eq. ( |2.148[ ) reduces to Eq. ( |2.49| ). Con- 
ductivity is given now by a = D{dn/ dQ. 

As system moves towards metal — insulator transition Hubbard — like interaction of elec- 
trons close to a given impurity site becomes more and more important. It is known for a long 
timeiS that this interaction leads to the appearance of a band of single — occupied states just 
below the Fermi level of a system on the dielectric side of Anderson transition. These states 
actually simulate paramagnetic centers and lead to Curie — like contribution (diverging as 
temperature T — > O)i0. Thus on the metallic side of transition static magnetic susceptibility 
X is expected to diverge since it is infinite (at T = 0) on the insulating side. At the same time 
dn/dC, remains finite. Therefore Dg/Dp = {dn/dQ/x goes to zero, i.e. spin diffusion is much 
slower than charge diffusion close to metal — insulator transition. This fact was first noted 
in Ref.ll2i where it was assumed that it leads to a possibility of local magnetic appearing 
in metallic phase before a transition. It is interesting to note that the slowing down of spin 
diffusion due to ineractions was actually discovered long beforeliSl it appeared in the con- 
text of interaction picture of metal — insulator transition. This idea was further elaborated 



in Refs.tiJTii^, where extensive discussion of this magnetic transition was given. There is an 
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intersting problem why these locahzed moments are not quenched by the Kondo effect. This 
can apparently be explained by the local fluctuations of Kondo temperature due to fluctua- 
tions of local density of states induced by disorderllll . The resulting distribution of Kondo 
temperatures is shown to be singular enough to induce diverging magnetic susceptibility as 
T ^ 0. 

The idea of paramagnetic moments appearing already in metallic phase apparently can 
much simplify the analysis of metal — insulator transition and allow its description by equa- 
tions of elementary scaling theory of localization 11100. In general case electron interactions 



in diffusion channel can be classified by total spin of an electron and hole j'H. It can be shown 
that all interaction corrections with j = do not depend on electron — electron coupling con- 
stant (charge) and are universa If paramagnetic scattering is operating in the system it 



dumps scattering processes in Cooper (localization) channel" as well as interaction pro- 
cesses in diffusion channel with j = 10. In this case only interaction processes with j = 
determine corrections to classical (Drude) conductivity. Due to universal nature of these cor- 
rections (independence of electronic ch arg e) their structure is actually coincide with that of 
localization corrections (Cooperon).lli3ili3 This means that renormalization group has only 
one effective "charge" — dimensionless conductance g. In this case differential equation for 
the conductance of a finite system is again given by Eq. ( ^.18| ) with the same asymptotic 



forms of Pdig)- This approach is valid for systems with linear size L < Lt = \J?iD/T . 
This length Lt replaces in the theory of interacting electrons characteristic length of phase 
coherence L<^ of noninteracting theory. The appearance of this new length is due to the 
fact that characteristic time of interaction processe^^ is ~ Ti/T. We must stress that these 
arguments are probably oversimplified as Refs.llH^Hl^S had demonstrated the relevance of 
interaction in the sense of appearance of additional coupling constants ("charges"). Also it is 
in no way clear that local moments appearing within this approach are acting just as usual 



paramagnetic scatterers. However, the simple scheme following from Refs.tl3'tl3 seems to be 
too attractive on physical grounds just to be neglected. 



As in noninteracting case for d = ?> Eq. (|2.18 ) again possess unstable fixed point re- 



sponsible for the existence of mobility edge and absence of minimal metallic conductivity at 
the metal — insulator transition. However, in this case there are no special reasons to believe 
that the critical exponent v of localization correlation length ^loc will coincide with its value 
for noninteracting theory. At finite temperatures as in usual scaling picture conductivity for 
= 3 is given byH0@ 

(2.153) 

As system approaches insulating phase ^loc — oo. For ^loc <^ Lt we have /{^ioc/Lt) = A + 
B{C,ioc/ Lt), where A and B are some numerical constants. Thus in this region conductivity 
corrections are proportional to In case of ^loc ^ Lt, i.e. very close to transition: 




a ^ C—— = C—JT/Dh (2.154) 
TiLt ii 



where again C ~ 1. Using Einstein relationllH2l a = e D(dn/dQ we immediately obtain: 
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and 




a = C'/^- T^^ (2.156) 



which is vahd for Lt < ^loc, where Lx = [C / (Tdn/ dQY^^ . 

In case of a system in alternating electric field with frequency uj ^ T/h the relevant 
length becomes = [D/uY^'^ as in Eq. (|2.37|) . Accordingly for <^ ^loc instead of Eq. 



( p.l56| ) we get: 



which is analogous to Eq. ( |2.41| ) and Eq. ( p.81| ). However we must note that this result can 



not be considered very reliable since the dynamical critical exponent in general case is an 
independent one 
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The metal — insulator transition can be viewed as a gradual breakdown of the Fermi — 
liquid stated. As we approach the transition different Fermi — liquid parameters, such as D, 
N{Ef), X etc. change continuously and at a critical point some of these may either diverge or 
go to zero. This behavior is related to the divergence of correlation length C,ioc characterized 
by a critical exponent u. On the insulating side of the transition this length can be also 
interpreted as the scale inside which a Fermi liquid description of the system still holds. 

At present we are in a need of some kind of new approach to the theory of interacting 
electrons in disordered systems which probably may be formulated along the lines of the self- 
consistent theory of localization. The hope is to provide an effective formalism to calculate 
the basic physical properties of the system in an interpolating scheme from metallic to 
insulating state. Below we briefly describe an attempt to construct such self-consistent 
approach 
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The basic idea is in equal footing (additive) treatment of both localization and interaction 
corrections to the current relaxation kernel defining the generalized diffusion coefficient in 
Eq.( p^.47D . As a zeroth approximation we take the Drude metal and consider the simplest 
localization and interaction corrections, so that the relaxation kernel takes the following 
form: 

M{lj) = Mo + SM{u) (2.158) 

where 6M{uj) = 6 Mi{uj) + 6 Mc{uj) = ~^{dDi{uj) +6Dc{uj)). Here the localization correction 
to diffusion coefficient Di{u) is defined by the usual sum of "maximally crossed" diagramms 
which yields: 

^ = 1 y- 1 (2159) 

Do nNoiEp) 1^^^^ -tu + Doq^ ^ ' ' 



while the Coulomb correction Dc{uj) is given by 



Do 2emo{EF)D, 



(2.160) 



oo 







TTd"^ nNoiEp) J J {2ttY + Lu) + D{n + uj)q^){-in + D{n)q 



2\2 
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where /x = No{Ef)vo is the dimensionless point-hke interaction with No{Ef) now denoting 
the single-spin density of states at the Fermi level for noninteracting case. Conductivity 
correction 6a due to interactions was defined bv the lowest-order diagramms shown in Fig.RI 



which were for the first time analyzed in Ref.tH3, neglecting localization corrections. It was 



shown in Ref.li^ that the total contribution of diagrams (a), (b) and (c) is actually zero 
and conductivity correction reduces to that determined by di agr ams (d) and (e). Here we 
neglect also the so called Hartree corrections to conductivitySll^, which is valid in the limit 
of 2kF/ kd 3> 1, where K£, - is the inverse screening length. This inequality, strictly speaking, 
is valid for systems with low electronic density, which are most interesting for experimental 
studies of disorder induced metal-insulator transitions. Also, if we remember the divergence 
of screening length at the metal-insulator transition, we can guess that this approximation 
becomes better as we approach the transition. The point-like interaction model used above 
has to be understood only in this sense. 

Self-consistency procedure is reduced to the replacement of Dq by the generalized diffusion 
coefficient in all diffusion denominators. As a result we obtain the following integral equation 
for the generalized diffusion equation: 

Do 1 f d'^q 1 , , 



D{uj) 7rNo{EF) J {27rY -iuj + D{uj)q 

Af^Do—^ Jdn t 



TTd"^ nNo{EF)J J {2nY{-i{Q + uj) + D{Q + uj)q^){-iQ + D{Q)q'^)^ 

UJ 

This equation forms the basis of the proposed self-consistent approach. In the absense of 
interactions (/i = 0) it obviously reduces to the usual self-consistent theory of localization. 
Let us transform it to dimensionless imaginary Matsubara frequencies which is the only case 
we need for further applications to superconducting state: cu, and also 

introduce the dimensionless diffusion coefficient d(iu) = In these notations integral 

equation (|2.161|) takes the following form: 

1 ,^^d-2 } dyy"-^ , 



+ -Mx^^ / 3^-4^ / . (2.162) 

where A = '-j/ttEf = 1/2ttEft is the usual disorder parameter. In the following we shall 
limit ourselves only to the case of spatial dimension d=3. Diffusion coefficient of the usual 
self-consistent theory of localization ( p.78|) in these notations reduces to: 

a = 1 - SAxo ^ < cuc, a > Metal 

diuo) = <^ {^"iXx^j ^ cu^ ^ Metal and Insulator (2.163) 



a < Insulator 



where ujc = , and ^loc - is the localization length, xq - the dimensionless cutoff. Let us 

introduce KiuS) = and analyze Eq. (|2.162|) assuming that K^u), K{Q) and K{u!+Q) <^ 1. 
Expanding the right-hand side of Eq. (|2.162|) over these small parameters we obtain: 
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d{uj) 2 d{uj) 



Consider the metallic phase and look for diffusion coefficient d{uj) solution in the following 
form: 

{d oj <^ oJc 

Substituting ( p.l65| ) into Eg. ( p. 16^ ) we find d and Uc and for the diffusion coefficient we 
obtain: 

{a — a* uj <^ujc 

I * 1 3 

where uJc = , \2 , o* = cu, c ~ 0.89 

Thus for the metallic phase we come to very simple qualitative conclusion — Anderson 
transition persists and the conductivity exponent remains u = 1. The transition itself has 
shifted to the region of weaker disorder a = a* = c/x — interaction facilitates transition to 
insulating state. The frequency behavior of diffusion coefficient in metallic phase is qualita- 
tively similar to that in the usual self-consistent theory of localization (p.l63|) . In the region 
of high frequencies u ^ Uc the behavior of diffusion coefficient remains unchanged after the 
introduction of interelectron interactions. 

Consider now the insulating phase. In the region of high frequencies u ^ uJc the diffusion 
coefficient obviously possess the frequency dependence like d{uj) ~ uj^^^. Assume that for 
small frequencies it is also some power of the frequency: 

d{uj) = { (2.167) 

where 6 is some exponent to be determined. 

Substituting ( |2.167| ) into ( |2.164| ) and considering the case of a < (insulating phase of 
the usual self-consistent theory of localization) and \a\^ a* , we get: 




I 1 3 2 

where uJr = , .-a -, while u* ~ O.lu-. — - — = 0.1 .^ ^. — is some new characteristic 

frequency defined by the interactions. Note that cu* — as we approach the transition point 
when ^loc oo. 

Thus, sufficiently deep inside the insulating phase when a < |q;| ^ a* and for the 
frequencies uj ^ uj*, the diffusion coefficient remains the same as in the self-consistent 
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theory of localization, i.e. at small frequencies it is linear over frequency, while for the 
higher frequencies it is ~ uj^^^. 

The analysis of Eq.( p.l6^ ) shows that for the frequencies uo <^ uo* it is impossible to 
find the power-like dependence for d{uj), i.e. the diffusion coefficient in the insulating phase 

is apparently can not be represented in the form of d{uj) = d^(^^^ , where 5 - is some 
unknown exponent. Because of this we were unable to find any analytical treatment of 
Eq. ( p.l64| ) in the region of u <^ u* within the insulating phase. 



Consider now the system behavior not very deep inside the insulating phase when a— a* < 
while a > 0, that is when the system without interaction would be within the metallic 
phase. Let us assume that the frequency behavior of the diffusion coefficient for u <^ ujc 




possess the power-like form, i.e. the diffusion coefficient is defined by the expression (|2.167|) . 
Substituting (|2.167| ) into ( |2.164| ) we get 5 = |- As a result for the diffusion coefficient we 
get: 

d{uj) = <j V ' " J ^ (2.169) 

where ujc = U . Naturally, the exact solution for the diffusion coefficient should show 

the continuous change of frequency behavior around ~ i^c- 

Thus, within the insulating phase close to transition point, where the system without in- 
teractions should have been metallic, the diffusion coefficient behaves as ~ u^^^, everywhere, 
though for the low frequency region the coefficient of u^^^ differs from that of the usual 
self-consistent theory of localization and explicitly depends upon the interaction constant. 
We have also performed the numerical analysis of the integral equation ( |2.162D for the 



wide region of frequencies, both for metallic (Fig.^ and insulating phases (Fig.|TO[). Solution 
was achieved by a simple iteration procedure using the results of the usual self-consistent 
theory of localization as an initial approximation. Numerical data are in good correspondence 
with our analytical estimates. In the region of high frequencies, both for metallic and 
insulating phases, the frequency behavior of diffusion coefficient is very close to that defined 
by the usual self-consistent theory of localization. In the region of small frequencies within 
the metallic phase diffusion coefficient d{uj) diminishes as interaction grows. Dependence of 
static generalized diffusion coefficient on disorder for /i = 0.24 is shown at the insert of Fig.^ 
and is practically linear. Metal-insulator transition in this case is observed at a = a* = n, 
where c ~ 0, 5, which is also in good correspondence with our qualitative analysis. Within 
the insulating phase for the region of small frequencies {u -C u*) we observe significant 
deviations from predictions of the usual self-consistent theory of localization. Diffusion 
coefficient is apparently nonanalytic in frequency here and we clearly see the tendency to 
formation of some kind of effective gap for the frequencies uj <^ u*, with this "gap" closing 
as interctions are turned off. 

Our numerical analysis was performed in Matsubara frequency region, which was used 
in writing down the Eq.( |2.162|) . Analytical continuation of our numerical data to the real 
frequencies was not attempted, but as we stressed above Matsubara frequency behavior is 
sufficient for our studies of superconducting state below. 

In Ref.^ we also were able to study the gradual evolution of the tunneling density of 
states from metallic to insulating region, demonstrating the continuous transformation of a 
cusp singularity of Eq.( p.l45D in a metal into a kind of interaction induced pseudogap at 
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the Fermi level in an insulator, which is in some respects similar to the Coulomb gap of 
RefsRS. 

For high — superconductors problems of interplay of localization and interactions be- 
come especially important because of unusual nature of normal state of these systems. In the 
absence of accepted theory of this normal state we shall limit ourselves only to few remarks 
on one specific model. The so called "marginal" Fermi — liquid theory lU'LHi is a promis- 



ing semi — phenomenological description of both normal and superconducting properties of 
these systems. We shall see that localization effects are apparently greatly enhanced in this 



Basically the idea of "marginal" Fermi — liquid is expressed by the following form of 



one — particle Green's function 



12E . 



G{Ep) = . + Cncoh (2.170) 

where is renormalized quasi — particle energy, 7p ~ Max[e,T] is anomalous (linear) 
decay — rate for these quasiparticles which is quite different from quadratic in e or T decay — 
rate of the usual Fermi — liquid theoryEll. The concept of "marginality" arises due to peculiar 
behavior of quasiparticle residue: 

Z^^ ^ Inp- ^ In"^ (2.171) 
I^pI \e\ 

where ujc is characteristic frequency scale of some kind of electronic excitations, which is the 
phenomenological parameter of the theory. From Eq. ( |2.171|) it is clear that quasiparticle 
contribution to Green's function Eq. ( |2.17CI| ) vanishes precisely at the Fermi level, while 
exists close to it though with logarithmically reduced weight. Note that in the case of usual 
Fermi — liquid Zp ^ ltl3. 

For disordered system we can estimate the impurity contribution to the scattering rate 
of quasi — particles asE^l: 

7 = 2pV^ZpImJ2^\p + fl,p)G{p + cie) ^ 2iTpV'^Z^A\ci^ 0)N{Ef) ^ ^A^7o (2.172) 
p 

where A is the appropriate vertex — part renormalized by Fermi — liquid effects, p again is im- 
purity concentration, V is impurity potential and N{Ef) = Z^^Nq{Ep) is the renormalized 
density of states in Fermi — liquid. Here No{Ef) is density of states for noninteracting elec- 
trons at the Fermi level, 70 is scattering rate for noninteracting case. To get the last relation 
in Eq. ( p.l72|) a weak dependence of vertices and self — energy on momentum was assumed. 



Now we can use the Ward identity for A(q — > Ou; = 0) vertex of disordered Fermi — liquid 
theoryS'Ho!: 

A{ci^Ouj = 0) = {l + F^)-^Z-^ (2.173) 
where F^ is Landau parameter introduced above. As a result we can easily get a siniple 



relation between the mean free paths of interacting and noninteracting quasiparticles^ 
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/ = {pF/m*h~' = (p^/m)7o-VA'(q ^ 0) = /o(l + F^^Z' (2.174) 

Here m* = Z~^m is the effective mass of quasiparticle. Assuming Fq f» const < 1 and using 
Eq. (I2T7TD we get at T = 0: 
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l = lo/ 



In— 



(2.175) 



Then from usual loffe — Regel criterion for localization ppl k, 1 we obtain that all quasipar- 
ticle state within the region of the order of 

led ~ ^cGxp{—\J pfI) (2.176) 

around the Fermi — level in high — oxides are localized even for the case of weak impurity 
scattering ppl ^ 1. For reahstic estimates of ojc ~ 0.1 — 0.2eV11Ha and ppl < 5 the width of 
this localized band may easily be of the order of hundreds of degrees K, while for ppl ^ 10 
and uJc ~ lOOOfC we get l^d ~ AOK. Obviously this band grows with disorder as the mean 
free path Iq drops. We can safely neglect this locahzation for T ^ \ec\, but for low enough 
temperatures localization effects become important and all states are localized in the ground 
state. 

Of course, the formal divergence of the mean free path denominator in Eg. ( p.l75D is 
unphysical. Single-impurity scattering cannot overcome the so called unitarity limitllH^, so 
that we must always have: 

2 

/ > ^ (2.177) 
~ 47rp 

In a typical metal with pp ~ a^^ this leads to / > l/ATTpa"^ and loffe- Regel criterion / < a 
can be easily satisfied for large impurity concentrations p ~ a~^. Thus the singularity in 
Eq.f gATSD does not mean that localization can appear for arbitrarily low concentration of 



impurities. We can safely speak only about the significant enhancement of localization effects 
in marginal Fermi liquids. These ideas are still at this elementary level and we may quote only 
one paper attempting to put them on more sound basis of scaling theory of metal — insulator 



transition of interacting electronslHZ 
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III. SUPERCONDUCTIVITY AND LOCALIZATION: STATISTICAL 

MEAN FIELD APPROACH 



A. BCS Model and Anderson Theorem 

We shall start our analysis of superconductivity in strongly disordered systems within the 
framework of simple BCS — modeP'i which assumes the existence of some kind of effective 
electron — electron attraction within energy region of the order of 2 < a; > around the 
Fermi level. In usual superconductors < uj >~ ujb-, where ujd is Debye frequency, because 
pairing is determined by electron — phonon mechanism, however we shall use some effective 
< cij > as an average frequency of some kind of Bose — like excitations responsible for pairing, 
e.g. in high — superconductors. At the moment we shall not discuss microscopic nature 
of this attraction which in general case is determined by the balance of attraction due to 
Boson — exchange and Coulomb repulsion. Here we just assume (as always is done in simple 
BCS — approach) that this effective attraction is described by some interaction constant (7, 
which is considered just as a parameter. More detailed microscopic approach will be given 
in later sections. 

Nontrivial results concerning superconductivity in disordered systems were obtained very 
soon since the discovery of BCS — theory0Hll. The concept of "dirty" superconductor de- 
scribed the experimentally very important case of the mean free path / short in comparison 
with superconducting coherence length ^0 ~ ^^f/^c, i-e. the case when: 

^0 > / > ^IVF (3.1) 

Already in this case of not so strongly disordered (in the sense of closeness to metal — insulator 
transition) system Cooper pairing takes place not between electrons with opposite momenta 
and spins as in regular case, but between time — reversed exact eigenstates of electrons in 
disordered system@il: 

(PT,-Pi)^(0.(r)T,0:(r)i) (3.2) 

In the following we consider only singlet isotropic (s-wave) pairing. Some aspects of 
anisotropic pairing are analyzed in Appendix C. The underlying physics is simple: in disor- 
dered systems such as e.g. an alloy the electron momentum becomes badly determined due to 
the lack of translational invariance. However, in random potential field we can always define 
exact eigenstates ^v^\ which are just solutions of Schroedinger equation in this random 
field (for a given configuration of this field). We don't need to know the explicit form of 
these eigenstates at all, the pairing partner of (^yij) is being given by time — reversed 0J^(r). 
This leads to a relative stability of a superconducting state with respect to disordering in 
the absence of scattering mechanisms which break the time — reversal invariance such as e.g. 
magnetic impurities. 

Within standard Green's function approach superconducting system is described by 



Gorkov equationd^allHa which in coordinate representation take the form: 



^l(rr'£:„) = ^^(rr'e:^) - ^ dv" G^{vx" e,^l^{Y")T{v"Y (3.3) 



TV Br 



rfr"q(rr"£„)A'(r")6^T(r"r'£. 



(3.4) 
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where G(rr'e„) is an exact one — electron Matsubara Green's function of the normal state 
and superconducting order — parameter (gap) A(r) is determined by self — consistent gap 
equation: 

Mv)=gTY,r\vve„) (3.5) 

where ^(rr'e„) is (antisymmetric over spin variables) anomalous Gorkov Green's function, 
En = (2n + l)7rT. 

If we consider temperatures close to superconducting transition temperature Tc, when 
A(r) is small, jF(rr'e„) can be obtained from the linearized equation: 

^(rr'£„) = J dr"Gt(rr\„)A^(r")Gt(r"r'£„) (3.6) 

Then the linearized gap equation determining T^. takes the form: 

A(r) = gT f dr' ^ ir(rr'£j A(r') (3.7) 

where the kernel: 

Kirr'sn) = G^{rr'en)Gl{r'ren) (3.8) 

is formed by exact one — electron Green's functions of a normal metal. Now we can use an 
exact eigenstate representation for an electron in a random field of a disordered system to 
write (Cf. Eq. (A13)): 



where Ei, are exact energy levels of an electron in disordered system. Then 

K{rr'e )=TgY, 0.T(r)</'tT(rO0;ii(rO0Mi(f ) ^3 

{}^n ^i')( ^^n ~l~ C^) 

In the following for brevity we shall drop spin variables always assuming singlet pairing. In 
case of a system with time — reversal invariance (i.e. in the absence of an external magnetic 
field, magnetic impurities etc.) Eq. ( |3.10| ) can be rewritten as: 

K{vr En) = G{rr e„)G(r r - e„) = 2^ — — - — -— — (3.11) 

Averaging over disorder we get: 

< A(r) >= gT fdr'J2< K{rr'En)A{r') > (3.12) 

Practically in all papers on the superconductivity in disordered systems it is assumed that 
we can make simplest decoupling in Eq. ( |3.12|) to get the following linearized equation for 
the average order — parameter: 
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< A(r) >= gT j dv' ^ K{v - v'sn) < A(r') > (3.13) 

where the averaged kernel in case of time — invariance is given by: 

K{v - v'sn) = K\v - v'sn) =< Kivv'sn) >= 
_^^ 0.(r)0-(r)0^(rO0-(rO ^_ 

= r dEN(E) r d'^- ^ PE{r)pE+u{r') >^ 

J-oo J-oo [lEn + E){E + UJ - iSn) 

where we have introduced Gorkov — Berezinskii spectral density!! (Cf. Eq. (A2)): 

« pEir)pEU^') »^= < E <t>tir)Mr)<t>;ir')Mr')6iE - e,)5{E + uj - e,.) > 

(3.15) 

Here N{E) is an exact electron density of states per one spin direction as it always appears 
in superconductivity theory (above, while discussing localization we always used density of 
states for both spin directions). 

Usually the decoupling procedure used in Eq. ( p.l2| ) to reduce it to Eq. (|3.13|) is justified 
by the assumption that the averaging of A(r) and of Green's functions in Eq. ( p.l2|) forming 
the kernel can be performed independently because of essentially different spatial scalesi^: 
A(r) changes at a scale of the order of coherence length (Cooper pair size) ^, while G(rr'e„) 
are oscillating on the scale of interatomic distance a ~ fi/pp, and we always have ^ ^ a. 
Actually it is clear that this decoupling is valid only if the order — parameter is self — averaging 
(i.e. in fact nonrandom) quantity: A(r) =< A(r) >, < A^(r) >=< A(r) >^. Below we 
shall see that for a system close to mobility edge the property of self — averageness of A(r) 
is absent and situation is actually highly nontrivial. In this case the so called statistical 
fluctuationsii leading to inequality of < A^(r) > and < A(r) >^ become quite important. 
However, we shall start with what we call statistical mean — field approach which completely 
neglects these fluctuations and allows the simple analysis using Eq. (|3.13|) , as a necessary 
first step to understand superconductivity in strongly disordered systems, which will allow 
to find most of the important deviations from the usual theory of "dirty" superconductors. 
The role of statistical fluctuations will be analyzed later. 

If we look for the solution of Eq. ( ^.13| ) A(r) = const (homogeneous gap), we immediately 
obtain the following equation for superconducting transition temperature T^. 

l=gTJ drJ2K{r-r'en) = 

J ^ J-oo J-oo [E + ien)[E + U — ISn) 

Using the general sum — rule given in Eq. (A5)i: 

l^r < Pe{v)pe+u{v') ->^= 5{uj) (3.17) 
we immediately reduce Eq. (|3.16|) to a standard BCS form: 
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/CO 1 r<u)> 1 77 

JEN(E)J:^^=sI dEN(E)-th- (3.18) 

where we introduced the usual cut — off at ~ 2 < a; >. Note that N{E) here is an 
exact one-particle density of states (per one spin direction) in a normal state of a disordered 
system. From Eq. ( p.l8|) we get the usual result: 

= — < > exp ( 1 (3.19) 

TT \ XpJ 

where Xp = gN{Ep) is dimensionless pairing constant, Iwy = C = 0.577... is Euler constant. 
This is the notorious Anderson theorem: in the absence of scattering processes breaking 
time — reversal invariance disorder influence T^. only through the possible changes of the 
density of states N{Ep) under disordering (which are usually relatively small). 

Due to the sum — rule of Eq. ( ^.171 ) all singularities of Berezinskii — Gorkov spectral 
density reflecting possible localization transition do not appear in equation determining T^.: 
there is no explicit contribution from 5{uj) term of Eg. (AS) and Eq. ( 3.18| ) has the same 
form both in metallic and localized phases (Cf. Ref.llH3). 

The only limitation here which appears on the physical grounds is connected with the 
local discreteness of electronic spectrum in localized phase discussed above. It is clear that 
Cooper pairing is possible in localized phase only between electrons with centers of local- 
ization within the distance of the order of ~ Rioc{E), because only in that case their wave 
functions overlap^'El. However, these states are splitted in energy by 6e deflned in Eq. (|2.13|) . 



Obviously, we have to demand that superconducting gap A (at T = 0, A ~ T^) be much 
larger than this 6e'- 

i.e. on the energy interval of the order of A ~ there must be many discrete levels, with 
centers of localization within distance ~ Rioc{E) from each other. In this case the problem 
of Cooper pairs formation within ~ Rioc{E) is qualitatively the same as in metallic state, 
e.g. we can replace summation over discrete levels e,y by integration. Analogous problem was 
considered previously in case of Cooper pairing of nucleons in flnite nucleiEli and also of 
Cooper pairing of electrons in small metallic particles (granular metals)lli'i3. For strongly 
anisotropic high — systems we must similarly havelli: 

A ~ T, » [NiE)Rt^^Rl^RU-' (3.21) 

where we have introduced the appropriate values of localization lengths along the axes of an 
orthorhombic lattice. 

Obviously Eq. ( p. 20 ) is equivalent to a condition of large enough localization length: 



RiociE) » [N{E)A]-'/' ~ i^o/plY^' ~ i^olY' (3.22) 

i.e. the system must be close enough to mobility edge or just slightly localized. Here we used 
the usual estimate of mean free path close to Anderson transition I ~ pj^. Below we shall see 
that Eq. ( ^.22] ) is just a condition that Cooper pairs must be much smaller than localization 
length, only in this case Cooper pairing is possible in localized phaseillil. 
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B. Tc Degradation 



In usual BCS model discussed above pairing interaction g is assumed to be a given 
constant in the vicinity of the Fermi level. In more realistic approach this interaction is de- 
termined by the balance of interelectron attraction, due e.g. to electron — phonon coupling 
(as in traditional superconductors) or some other Boson — exchange mechanism (as is ap- 
parently the case in high — Tc superconductors), and Coulomb repulsion. It is clear that in 
strongly disordered system all these interactions can, in principle, be strongly renormalized 
in comparison with "pure" case. The aim of this section is to discuss these effects on the 
approach to metal — insulator transition induced by disorder. 

Usually the Coulomb repulsion within Cooper pair is strongly reduced in comparison 
with electron — phonon attraction due to a retarded nature of electron — phonon coupling!. 
Characteristic time of electron — phonon interaction is of the order of cu^^, while for Coulomb 
interaction in "pure" metal it is determined by ~ h/Ep — the time during which electrons 
"pass" each other in the pair. Due to metallic screening both interactions are more or less 
point — like. However, in a disordered metal ballistic transport changes to diffusion and as 
disorder grows electron motion becomes slower effectively leading to the growth of Coulomb 
repulsion within Cooper pair and the appropriate drop of Tc as was first claimed by Anderson, 
Muttalib and RamakrishnanS. Actually electron — phonon interaction can also change under 
disordering but a common belief is that these changes are less significant than in case of 
Coulomb interactionllMIl^. This problem is still under active discussion and some alternative 



points of view were expressedlHSil^. However, the general agreement is that some kind of 
diffusion renormalization of effective interaction of electrons within Cooper pair provides 
effective mechanism of Tc degradation under disordering. Below we shall mainly use the 
approach of Ref.ii, with the main aim to study a possibility of superconductivity surviving 
up to Anderson transition. 

Later in this section we shall also consider the possible mechanisms of Tc degradation 
under disordering due to magnetic fluctuations (or local moments) which appear close to 
metal — insulator transition. Possible relation of these mechanisms to enhanced Coulomb 
effects will also be discussed. 

The general problem of Tc degradation under disordering becomes much more compli- 
cated in case of high — temperature superconductors because of unknown nature of pairing in 
these systems. However, we believe that the mechanism based upon the growth of Coulomb 
repulsion within Cooper pair is also operational here, while of course it is difficult to say 
anything about disorder effects upon attractive interactions leading to Cooper pair formation 
in these systems. 

If we assume some kind of spin-independent Boson — exchange (phonons, excitons etc.) 
model of pairing interaction, the Tc can be obtained from the gene ralized Eliashberg equa- 



tions and thus be given by the famous Allen — Dynes expressioi 
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T f^f^ I 1-04(1 + A) 1 



where 



2 



Ai = 2.46(1 + 3.8/i''); A2 = 1.82(1 + 6.3/i'') (3.24) 

l^log 
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Here uoiog is the mean logarithmic frequency and < >^ is the mean square frequency of 
Bosons responsible for pairing (the averaging is over the spectrum of these Bosons), /x* is the 
Coulomb pseudopotential, A is the dimensionless pairing constant due to Boson — exchange. 
Strictly speaking, Allen-Dynes formula has been derived for the electron — phonon model, 
with certain assumptions about the phonon spectrum. Its use for general Boson — exchange 
model here serves only for illustrative purposes. At relatively weak coupling A < 1.5 Allen- 
Dynes expression effectively reduces to McMillan formulae 
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1.20^''^1 A-/i*(l + 0.62A)/ ^^-^^^ 

which for the weak coupling limit gives the usual BCS result T^. ~< uj > exp{—l/X — fi*). 
For very strong pairing interaction Eq. (|3.23|) gives the asymptotic behavior Tc 



< uj'^ >. In most parts of this review we shall limit ourselves to weak coupling ap- 
proximation. Coulomb pseudopotential fi* in the "pure" system is given by: 

fi* = ^^-r- (3-26) 

where /i is the dimensionless Coulomb constant. The mechanism of Tc degradation under 
disordering due to the growth of Coulomb repulsion is reflected in the appropriate growth 

of fi^EE. 

The singlet gap function with a simple s-wave symmetry which we have discussed above 
has a non-zero amplitude at zero separation of the two electrons in the pair. Thus it must 
pay the energy price of short-range repulsion due to a finite /i. In recent years a number 
of new mechanisms of superconducting pairing were proposed which try to eliminate the 
effect of repulsion assuming a pair wavefunction which vanishes at zero separation. This is 
equivalent to the requirement that the sum over all momentum of the BCS gap function A 



A(r) =< ^ t (r)^ i (r) >= ^ A(k) = (3.27) 



must vanish'^'*°'- 



A number of rather exotic schemes for this were proposedcl3, but probably the simplest way 



of satisfying this requirement is by means of higher angular momentum pairing, e.g. li-wave 



which became rather popular possible e xp 



anation of high- Tc superconductivity within 



the .pin-auctuation exchange mechani^nSB. The .um is then zero because 

the gap changes sign as k goes around the Fermi surface. This leads to a large extent to 
cancellation of Coulomb pseudopotential effects. However, this type of pairing is extremely 
sensitive to any kind of disordering (Cf. Appendix C) and superconductivity is destroyed 
long before localization transition. For these reasons we shall not discuss disorder effects in 
such superconductors in this review. The same applies to more exotic pairing schemes such 



as the odd-gap pairinglll3, where the usual scattering suppression of Tc is also very strong. 

Among mechanisms discussed for high-Tp superconductors we should also mention dif- 
ferent types of so-called van-Hove scenariosci3lli3, which are based upon the idea of Tc- 
enhancement due to some kind of the density of states singularity close to the Fermi level. 
For all such mechanisms rather strong Tc suppression may be due to the potential scattering 
smoothing out these singularities. Again we shall not discuss these mechanisms in our review 
as having nothing to do with localization effects. 
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1. Coulomb Kernel 



Let us use again the exact eigenstate 0j/(r) representation for an electron in random 
system, with exact energy levels e^. These functions and energies may correspond either to 
extended or to localized states. Consider the one — electron Green's function in this repre- 
sentation and take its diagonal element G,n,(e). The influence of interaction is described by 
the appropriate irreducible self — energy T.iy{ef^^''^ 
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^-(^) = wTT (3.28) 

Here energy zero is at the Fermi level. Let us introduce a "self — energy" ^P.(e) averaged over 
some surface of constant energy E = and over random field configurations!!^: 

^E{e) = ^ < E '^(^ - ^^)S.(^) > (3.29) 

Consider model with short — range static interelectron interaction f(r — r'). Then for the 
simplest Fock diagram shown in Fig. |^ we find: 

T.l = -jdvj dv'viv - r') E /.0;(r')0:(r)0,(r)0.(r') (3.30) 

where f^, = /(^j/) is Fermi distribution function. Accordingly from Eq. (|3.29|) we get0: 

/oo r r 

dujf{E + u) dv dv'viv - v') < Pe{v)pe+u.{v') >^ (3.31) 
OO J J 

where we again introduced Berezinskii — Gorkov spectral density defined in Eq. (A2) or Eq. 

(ill). 

Let us define the Coulomb kernel by the following functional derivative: 

which characterize the change of electron energy due to a variation of its distribution func- 
tion. It is easy to see that: 

Kc{uj) = J" < E < P^lvir - v')\ufi > 6{E - e^)6{E + u; - e^) >= 



N{E) 



JdvJ dv'v{v - r') < pE{v)pE+^{r') (3.33) 



is actually Fock — type matrix element of interaction averaged over two surfaces of constant 
energy E and E' = E+u and over disorder. We can use Kc{uj) as a kernel in the linearized gap 
equation (Cf. Appendix B) determining Tc which is a reasonable generalization of a Coulomb 
kernel used in the theory of ordered superconductorslll!!. In momentum representation: 

Kciuj) = J -^vicO « PEPE+. »J (3.34) 

In the weak coupling approximation over pairing interaction it is the only relevant Coulomb 
contribution in the gap equation (Cf. Appendix B), in case of strong coupling there are 
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additional contributio ns, e.g . connected with diffusional renormalization of the density of 
states Eq. (|2l45|) EiHiaiili . 

We refer to these papers for the detailed analysis of the 




density of states effects upon T^. 

In the following we assume point — like interaction: f (q) = Vq. During our discussion 
of localization we have discovered that for small w <^ 7 and q <^ l^^ Gorkov — Berezinskii 
spectral density acquires a diffusional contribution: 

« PePe+u. »™^^^= (3-35) 

where 

*i^(q^) = - J!f^ , . (3-36) 

and the generalized diffusion coefficient in metallic phase is given by: 

De{-)-^{ . f .Ivi^ ' (3.37) 

\Uu\ UJq 

In the absence of disorder this diffusional contribution disappears and the kernel K(.{uj) for 
leu I < Ep reduces to usual Coulomb potential ^ = N{E)voM^ Accordingly we can use the 
following approximationii: 

K^{uj) ^ ^ie{EF-\uj\) + Kfff{uj) (3.38) 

where 

Kff^{uj) = I -^,vo « PEPE+. »™^^ (3.39) 

This form of the Coulomb kernel gives correct interpolation between the strong disorder limit 
and "pure" case. Note, that in case of disordered system besides diffusional contribution 
which contains singularities associated with Anderson transition there also appear "regular" 
contributions to Kc{uj) which may be modelled by /i, making it different from its value 
in "pure" system. Diffusional term in KJu) is connected with diffusion renormalization 
of electron — electron interaction vertexESIli^^l^S. Fig. ^ shows diagrams of standard 



perturbation theory responsible for this renormalization. In case of the approach based upon 
self — consistent theory of localization "triangular" vertex defined by Fig. |^ (c) is given 

]g J9i|l54 



7 



RA 



(q^) - ■ ( \ 2 9«r^ (3.40) 



Singularity of Eq. ( pj.40| ) for small u and q leads to significant growth of interaction in 
disordered system. Actually this expression is the same as in a "dirty" metalil but with the 
replacement of Drude diffusion coefficient by the generalized one. 
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2. Electron — Phonon Interaction 



The case of electron — phonon interaction is different. Diffusion renormahzation of 
electron — phonon vertex is unimportant because the relevant corrections compensate each 
other if we take into account impurity vibrationsE^Hl^. Surely the value of electron — phonon 
contribution to pairing interaction do change in a disordered system in comparison with 



"pure" caseli^. However, these changes are relatively insignificant in the sense of absence of 
drastic changes at the Anderson transition. We shall demonstrate the absence of diffusion 
renormahzation of electron — phonon vertex using the lowest order diagrams of perturbation 
theory following the approach of Ref. 
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Let us limit our analysis to homogeneous continuous medium. The appearance of defor- 
mation u leads to the variation of density of the medium given by 6p = —pdivu. Accordingly, 
taking into account the electroneutrality condition we get the variation of electron density 
as 6n = —ndivvL. This leads to the following change of the free electron Green's function: 

5G~^{E-p) = —ndivu—[E — vf{\p\ — Pf)] = 

= —nypdivvi-^ = — ypppdivu (3-41) 
dn 3 

where we have used n = p|n/(37r^). Let us define electron — phonon vertex A by: 

^ = GAG = -G^G; A = (3.42) 
ou ou ou 

For u(r, t) = uexp{iqr — iut) we get from Eq. ( |3.41| ): 

5G-\Ey>) = -«qu^^ (3.43) 
so that the "bare" electron — phonon vertex {i is vector index): 

. (0) . VfPf fo aa\ 

Ali = (3-44) 
Consider the system with impurities randomly placed at points R„ which create the potential: 

f^(r) = E^(r-Rn) (3.45) 

n 

Vibrations of the medium lead to vibrations of impurity atoms, so that R„ Ro„ + u„(t) 
with u„(t) = uea;p(zqRo„ — iut). Random field of static impurities leads to a simplest self — 
energy correction given by Fig. |ri] (a)E3H. Impurity vibrations can be accounted for by the 
additional interaction term: 

5V{v - R„) = ^^'^^p uexp(iqR„o - iut) 



so that 



OUi 



< E |^^%7^G^(ri'rY)F(r' - R„o)n„+ 



+V{r-Rr,o)G{rt,r't')^^%-^u,r] > (3.46) 
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where the angular brackets define as usual the averaging over random impurity positions. In 
momentum representation and for point — like impurities we get in lowest order over uj/Ep 
and q/pF'- 

A2.(p,q) = pV'j ^,[-^{p.-p'^G{E^')+^{p[-p^G{E^')] = 



= 2npV^N{E)p, = 2-fPi (3.47) 



The relevant diagrams are shown in Fig. |TT| (b)c^. "Bare" electron — phonon vertex is thus 
given by the sum of three diagrams shown in Fig. ^ (b) and reduces to: 

Ar'=A^+AiS^=^<l^ + 2,p. (3.48) 

Diffusion renormalization of electron — phonon vertex can appear due to impurity scattering 
ladder corrections as shown in Fig. |12| (a). Similar diagrams shown in Fig. |^ (c) lead to dif- 
fusion renormalization of Coulomb vertex. However, in case of electron — phonon interaction 
we have to make the same renormalization of three diagrams of Fig. ^ (c). Let us consider 
simplest corrections shown in Fig. |T2| (b,c,d). For the contribution of graph of Fig. |12| (b) 
we have: 



vfPf f (Pp' 
'^~J (2^ 

'"FPF n , • /r. 2 /o T • ^FPF 



= pYHq."^ I ^,GiEp')GiE + up' + q) 



tqi^[l + tuj/2^-Doq'/2^]^tq,^ u.q^O (3.49) 



and for the sum of graphs of Fig. |T2| (c,d): 

rf3 



A« = 2pV'^ J 7^sGiEp')G{E + up' + q)K 



(2vr) 

^2pV'^q, J ^p'^G{Ep')-^GiE + u;p') ^ 

^ 2jpV\pF J ^yG(^p')G^(^p') = -^^.^ (3-50) 

Thus for uj ^ 0, q we obtain: 

aS + aS^ = (3.51) 

and we have total cancellation of initial diagrams contributing to diffusion ladder. Appar- 
ently there is no diffusion renormalization of electron — phonon vertex (for uj,q — >■ 0): this 
cancellation is valid for any graph obtained from the simplest corrections by adding further 
impurity lines to the ladder. Similar cancellation takes place in case of adding to diagrams of 
Fig. O (b,c,d) corrections due to maximally crossed impurity lines (Cooper channel). Thus 



there is no significant change of electron — phonon vertex due to Cooperon and the only 
relevant contribution to electron — phonon vertex in impure system is defined by the sum of 
diagrams of Fig. ^ (b) leading to Eq. ( |3.48 ) which does not contain diffusion type renormal- 



ization. Localization appears via generalized diffusion coefficient which replaces the Drude 
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one. Thus localization singularities does not appear in electron — phonon vertex, though 
surely this interaction is really changed by disorder scattering in comparison with "pure" 
case. Of course, the question of whether localization effects contribute to renormalization 
of electron — phonon coupling is still open to discussionllil. Probably more important aspect 
of this problem is reflected by the fact that superconductivity is actually determined not 
by electron — phonon vertex itself, but by the famous integral expression over the ph onon 



spectrum of Eliashberg function a^{uj)F{uj) which defines the pairing constant Xx^ This 
integration will apparently smooth out all possible singularities. 

In the following we shall model pairing interaction due to phonon exchange by some 
constant A as in BCS model. Of course we must stress that this constant is different from 
that in regular metal. It is constant in a sense that it does not contain singularities due 
to metal — insulator transition. Electron — phonon kernel in the linearized gap equation (Cf. 
Appendix B) can be taken in the simplest form: 

and consider A as relatively weakly dependent on disordering. More detailed discussion of 
electron — phonon pairing in disordered systems can be found in Refs.ll^ilHill^. 

As we mentioned above it is quite difficult to speculate on disorder dependence of pairing 
interaction in high — temperature superconductors. In case of the "marginal" Fermi — liquid 
approachll^@ pairing interaction can be modelled as in Eq. ( p. 521 ) with the replacement 
of Debye frequency cud by some phenomenological electronic frequency ujc which we briefly 
mentioned above while discussing localization in "marginal" Fermi — liquid. In the following 
we shall just assume that this pairing interaction is weakly dependent on disorder as in the 
case of phonon mechanism of pairing. 



3. Metallic Region 



In metallic region we can use Eqs. (|3.34| — p.36|) and Eq. (|3.38| ) and find the diffusional 
contribution to Coulomb kernel: 



UJ = - 



q 



27r3 



(27r)3 
1 



VqIitl 



1 



1/2 



27r3 



De{u:)1\ \dT{u)\\ 



1 

DeI 
1 



D 



372" 
^1/3 



UlI\ <^UJc 
\uj\ ^ OJc 



Accordingly for the Coulomb kernel defined by Eq. (|3.38|) we gett 



H + 



-1/3 



cUc < < 7 ~ Ep 



(3.53) 



(3.54) 



Upper limit cut — off in the integral in Eq. ( p. 53 ) was taken ~ / ^. Rough estimate of 
contribution of higher momenta can be achieved introducing cut — off ~ pp (Cf. Ref.li^). This 
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will cancel {pfI)~^ in Eq. ( |3.54|) . Close to Anderson transition ~ pp and this correction 
is irrelevant. We shall assume that far from transition these higher momenta corrections can 
be included in the definition of /x. From Eq. ( |3.54| ) we can see that diffusion renormalization 
of Coulomb kernel leads to substantial growth of Coulomb repulsion close to Anderson 
transition (i.e. when conductivity drops below o"c — "minimal metallic conductivity"). 

Superconducting transition temperature Tc is determined by the linearized gap 
equationE^^ which in the weak coupling approximation can be written as (Cf. Appendix 

B)r 



ise 
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A a; = < uj > -u) Aiuj')th— - 

Jo UJ 21 c 

-e{EF - uj) r ^K,{u; - u;')A{u;')th^ (3.55) 

JO LU 21 c 

Consider metallic region and take Uc ^< uj > which in accordance with Uc estimate given 
in Eq. ( p.37| ) roughly corresponds to a > dc for typical Ep/ < w >~ 10^, so that the system 
is not very close to Anderson transition. The change of T^. due to diffusion contribution in 
Coulomb kernel Eq. ( ^.541 ) can be determined by perturbation theory over Kf'^f {uj) in gap 
equation. First iteration of Eq. ( p.55| ) gives: 

oo oo 

- ^ (3.56) 



Ti OO 
ro _J_ 

2T,o ^ 

where Ao(co') is the usual "two — step" solution of Eg. (|3.55|) Hli^ which is valid for standard 
form of Coulomb kernel Kc{uj) = ^6{Ep — \uj\), 

Tea = 1.13 <uj> exp (^-y— (3-57) 

is a critical temperature in regular superconductor when the Coulomb pseudopotential is 
given by : 

/io = ^^—r- (3-58) 

l + /i/n^ 



Using the first relation in Eq. ( |3.54|) we get from Eq. ( |3.56D : 



STc /i 1 0"c 

This change of T^. is equivalent to the following change of Coulomb pseudopotentialil: 

2 

Sf^* ^ /i , , (3.60) 



where we have used Eq. ( |2.75|) and ppl ^ ao/ac = {cr + (Jc)/crc to replace ppl in Eq. (|3.59|) 



As we noted above this later factor disappears from Eq. ( p.59[ ) if we use cut — off at q ^ pr 
in Eq. ( |3.53| ). According to Eq. ( |3.6CI|) Coulomb pseudopotential /x* grows as a drops and 



this dependence is more strong than a similar one obtained in Ref.ciJ, which is connected 
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with our use of the results of self — consistent theory of localization. Method of Ref.li is 
based upon the use of q — dependence of diffusion coefficient as given by Eq. ( p.85|) . Our 



expression for Sfx* leads to a significant growth of /i* for conductivities a < 10 Ohm~ cm~ . 
This growth can easily explain the typical degradation in "very dirty" superconductors as 
their conductivity in normal state drops approaching the loffe — Regel limit^. At the same 
time expressions for fi* proposed in Ref.B3 can explain experimental data only under the 
assumption that a characteristic conductivity scale determining /x* is an order of magnitude 
larger than loffe — Kegel limit., for which we see no serious grounds. More extensive discussion 
can be found in Ref.t23. 

Let us consider now the situation at the mobility edge itself, when a = and c^c = so 
that Kc{uj) is determined by the second expression in Eq. (|3.54| ) for all frequencies below 
7 ~ Ep- In this case we can showH that the influence of Coulomb repulsion on Tc is again 
described by effective pseudopotential fi* which can be estimated as: 

/< u; >\ 

/i* ~ a/x I a ~ 1 (3.61) 

V 27 y 

In this case may remain flnite at the mobility edge only under very strict conditions: both 
Ep ~ 7 and fi must be very small, while A must be at least close to unity. As a crude estimate 
we can demand something like A ~ 1, /x < 0.2 and Ep < lO^Tco- Obviously only some narrow 
band superconductors like Chevrel phases can satisfy these conditions among traditional 
systems. High — Tc superconductors are especially promising. Experimental situation will be 
discussed later. 

Using Eq. ( p.60|) and Eq. ( p.61|l we can write down a simple interpolation formula for 
the conductivity dependence of /i*:B 

1 + {< uj > /27) ^/■^cr(cr + (Tcj/crj 

To get an expression via observable parameters take into account <a;>/7~(<C(j> 
/Ep){l + o"/(Tc). These expressions describe continuous crossover from the region of weak 
localization corrections to the vicinity of Anderson transition where its influence upon Tc 
becomes very strong. This crossover takes place at uo^ ~< uj >. 



4- Localization Region 

Let us now consider Anderson insulator. According to Eq. ( |3.34| ) and Eq. (A9) Coulomb 
kernel acquires in this case 6{lj) — contribution: 

ir^-(^) = VoApdico) = t;o— ^ < E^(^ - ^<^)l</>(r)n0(r)P > (3.63) 

= A^(r-r') U'~i?roc (3.64) 

which is actually connected with "Hubbard — like" repulsion of electrons in a single quantum 
state becoming nonzero in localization regionll^l^ii . This mechanism acts in addition to 
diffusion contributions in Coulomb pseudopotential fi* considered above, which are due to 
"regular" part of Gorkov — Berezinskii spectral density. Using Eq. (|3.64|) as a full Coulomb 
vertex in linearized gap equation (|3.55|) we can solve it exactly!! and flnd: 
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_ 0« - > -kl)A. 

^ ' 1 _|_ M^g ^fh ^ 
^ 2N{E) uj''"'2Tc 



<'^> 1 CiJ 

Ai = A / rfcuA(cu)-t/i— (3.66) 



where 

/■<w> 

Ai = A / rf^A(a;; 

and equation for Tc takes the form: 

f<-^> th^ 

1 = A / duj ^ 3.67 

Jo 

To account for "regular" diffusion contributions to /x* we can just replace here A ^ A* = 
X — fi*, where u* is given by Eq. (|3.61| ). Then our equation for Tc can be approximately 
represented hy^: 

T' 11 ,Ae \^.(1 



where '4){x) is digamma function, and T* is taken to be equal to of the system at the 
mobility edge which is given by Eq. ( p.57|) with /Iq replaced by /i* from Eq. ( p.61|) . Here 
we slightly overestimate the role of Coulomb repulsion in localization region. We can see 
that this additional "Hubbard — like" repulsion acts upon Tc as magnetic impuritiesi'EH with 
effective spin — flip scattering rate: 

J- = (3 69) 

rsf N{E) N{E)RUE) ^'-"'^ 

Obviously this result is connected with the appearance below the mobility edge of the "band" 



of singly occupied electron states of the widthH^aHfl'Ef^ ^o-Rioc- Superconductivity persists 
until < 0.57T*, i.e. until 

1/3 



RlociE) > 



NiE)T^ 



i^op-.Y' - i^ol'Y^' (3.70) 



where the last estimates are valid for typical values of parameters and correspond to the 
simple estimate of Eq. ( 3.20 ). Thus the Coulomb repulsion in a single (localized) quantum 
state leads to a sharp reduction of Tc below the mobility edge even if superconductivity 
survived up to the Anderson transition. Another interpretation of this effect is the influence 
of "free" spins of Mott's band of singly occupied states below the Fermi level of Anderson 
insulator. 

Coulomb gapilHlllllil effects can be neglected hereil because according to the estimates 
given m Eq. (12141 ) and Eq. ( ^ ) the Coulomb gap width: 

Ac ~ [NiE)RUE)]-' « Tc ~ A (3.71) 

i.e. is small in comparison to superconducting gap A (or Tc) under conditions given by Eq. 
( p.20| ) which is necessary for the observation of superconductivity in localization region. 
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5. Spin Fluctuations 



As we mentioned during our discussion of interaction effects upon Anderson transi- 
tion the role of magnetic fluctuations (spin effects) in general becomes stronger as we ap- 
proach metal — insulator transition. The band of single — occupied states is being formed 
below the Fermi level of Anderson insulator, which is equivalent to the appearance of local- 



ized moment sli3l3E±rl. Th ese effects actually may become important already before metal- 



insulator transitionE^'liiinH3'tl3'E13'El, and lead to additional mechanism of degradation. 
Unfortunately there is no complete theoretical understanding of these effects and accordingly 
only few estimates can be done concerning sup er conductivity. Here we shall mention only 
some of these crude estimates following Refs.tEril£3. 



In the framework of Hubbard model with weak disorder it can be shownt^ that the spin 
susceptibility is represented by: 

l-UN{E)+jo-l'~ Vo-l'~ V ^' ^ 

where Xo is spin susceptibility of free electrons, ?7o = 1 — UN{E) + 70 is enhancement 
factor for the ordered case {U is Hubbard interaction, 70 is correlation correction to RPA 
approximation), 7' is the correction due to the interference of Hubbard interaction and 
disorder scattering: 
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B = 6V37i^[N{E)U]^!^l-^UN{E)^ (3.73) 



Here A = l/(27r i?r) = 1/{pfI) is the usual perturbation theory parameter for disorder 
scattering. As 7' > we can see from Eq. (|3.72|) that disordering leads to diminishing 
denominator t] = tjq — j'. If we reach a critical disorder defined by: 

Xc=M PfI\c = 2J- (3.74) 
MB \j r]o 

we get Xs 00. It should be stressed that this divergence of Xs in a disordered system must 
not be identified with any kind of ferromagnetic instability but may signify something like 
the appearance of a spin — glass state or just of localized moments. In any case it means the 
growth of spin dependent effects under disordering. 

If the initial enhancement of spin susceptibility is strong enough (e.g. due to a large 
U), i.e. rjo 1, the critical disorder defined by Eq. ( |3.74| ) may be lower than the critical 



disorder for Anderson localization, appearing at ppl ~ 1. Then these spin dependent effects 
may become important well before Anderson transition. In the opposite case these effects will 
appear only very close to metal — insulator transition. In general case the relation between 
these two transitions depends on parameters. 

If spin fluctuations are strong enough (r/ ^ 1) a strong mechanism for degradation in 
superconducting state appearsE^ analogous to similar effect due to magnetic impuritieJl 
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where^: 



lnT^ = ^(l + p)-.4,(l) (3.75) 
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_ 9V^7i 2UN{E) _ 9^3 



UN{E) 
B 



(3.76) 



As p from Eq. (|3.76| ) diverges as (Ac — A) for A ^ Ac superconducting transition temper- 
ature Tc drops to zero. 

If Ac <^ 1, which is possible for rj^ <^1, superconductivity will be destroyed long before 
metal — insulator transition. In the opposite case this mechanism may lead to its destruction 
on the either side of metal — insulator transition depending on the parameters of the system, 
such as U . In general we need a more accurate analysis which must include the mutual inter- 
play of magnetic fluctuations and disorder scattering leading to metal — insulator transition. 
In any case magnetic mechanisms of Tc degradation close to metal — insulator transition may 
be as important as Coulomb effects considered above. 



C. Ginzburg-Landau Theory and Anderson Transition 

1. General Analysis 

The main result of the previous analysis may be formulated as follows. Despite many 
mechanisms leading to Tc degradation and destruction of superconductivity in strongly dis- 
ordered systems there seems to be no general rule prohibiting a possibility of a superconduct- 
ing state in Anderson insulator. Of course we must meet very rigid conditions if we hope 
to observe this rather exotic state. There is almost no chance to observe it in traditional 
superconductors but high — Tc systems seem promising. The following analysis will be based 
on the general assumption that Tc survives in a strongly disordered system or even in Ander- 
son insulator, i.e. that these strict conditions are met. Our aim is to study superconducting 
properties of such a strongly disordered system to determine specific characteristics which 
will make this case different from the usual case of "dirty" superconductors. We shall see 
that even before Anderson transition there are significant deviations from the predictions of 
standard theory which make strongly disordered system different. So on the practical side 
our aim is simply to generalize the usual theory of "dirty" superconductors for the case of 
strong disorder in a sense of the mean free path becoming of the order of interatomic spacing 
or / ~ p~p^ . 

To claim that superconductivity is possible close to disorder — induced metal — insulator 
transition it is not sufficient just to demonstrate the finite values of T^.. Even more important 
is to show the existence of superconducting response to an external electromagnetic potential 
A. In general case the analysis of response functions of a superconductor with strong disorder 
seems to be a difficult task. However, close to Tc significant simplifications take place and 
actually we only have to show that the free — energy density of the system can be expressed 
in the standard Ginzburg — Landau formHii: 

T = To + AIAP + -5|A|^ + C|(V - ^A)A|2 (3.77) 
2 he 

where T„ is free energy density of the normal state. Our problem is thus reduced to a 
microscopic derivation of expressions for the coefficients A, B, and C of Ginzburg — Landau 
expansion Eq. (p.77|) taking into account the possibility of electron localization. This will be 



the generalization of the famous Gorkov's derivationllj of similar expressions for the case of 
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"dirty" superconductors. Such analysis was first done by Bulaevskii and Sadovskiii'i and 
later by Kotliar and Kapitulnikllii. Recently the same results were obtained by Kravtsovll^. 

Within the BCS model coefficients A and B which determine the transition temperature 
and the equilibrium value of the order — parameter A do not change in comparison with their 
values found in the theory of "dirty" superconductors, even if the system is close to Anderson 
transition. This corresponds to the main statement of Anderson theorem. Less trivial is the 
behavior of the coefficient C, which in fact defines the superconducting response. In the usual 
theory of "dirty" superconductorslll this coefficient is proportional to diffusion coefficient of 
electrons, i.e. to conductivity (at T = 0). As the Fermi level approaches the mobility edge 
conductivity drops to zero. However, we shall see that the coefficient C remains finite in the 
vicinity of Anderson transition, even in the region of localized states. 

To derive Ginzburg — Landau coefficients we must know the two — electron Green's func- 
tion in the normal stateEl. Let us introduce the following two-particle Matsubara Green's 
functions in momentum representationil: 

'^E{(l,UJ^m,£n) = < G{P+,P+,-£n + UJm)G{-p_,-p^,-en) > (3.78) 

P+P'_ 



2ni 



< G{p+, p+, -En + UJm)G{p'_,P-, -En) > 



(3.79) 



p+p_ 



where p+_ = pl;q/2 and Um = 27rmT. Graphically these functions are represented in Fig. 
T3| . Then Ginzburg — Landau coefficients are defined byli^ J 
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A = - + 2mTY'^E{q. = Ouj^ = 2£j 

9 tr 



(3.80) 



o2 

C = ^ttT^ — ^^(qa;„ = 2En)U=o (3.81) 

Thus the superconducting properties are determined by the Green's function describing 
the propagation of electronic (Cooper) pair. At the same time we have seen that the Green's 
function $ e determines transport properties of a normal metal and Anderson transition. In 
case of time — invariance (i.e. in the absence of external magnetic field or magnetic impurities) 
we haveEll: 

-^E{q.UJmen) = ^Eiq^mSn) (3.82) 

and it is sufficient to know only $£;(qa;m = 2£:„) to determine Ginzburg — Landau coefficients. 

As a one — electron model of Anderson transition we can take the self — consistent theory 
of localization which will allow us to perform all calculations explicitly. We only have to 
formulate the main equations of this theory in Matsubara formalism (finite T)ii. For small 
q and analogously to Eq. ( ^.4tj| ), we have: 

N(E) 

<^E{qu;m) = r—k-Ti ^ = ^^"^^ (3-83) 
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where the generahzed diffusion coefficient DE{oJm) is determined by the self — consistency 
equation analogous to Eq. (|2.57| ): 



DEi^^m) 



(3.84) 



In three-dimensional case Eq. ( |3.84|) reduces to (Cf. Eq. (|2.77|) ): 



De^ 

Dn 



A ^ TT A 
An 2 Af. 



Dq LUm 
DE{uJm) 27 



1/2 



(3.85) 



where we have used the same notations as in our discussion of self — consistent theory of 
localization. Analogously to Eq. (|2.78|) and with accuracy sufficient for our aims we can 
write down the solution of Eq. ( p.85| ) as: 



Max < De 



UJr. 



UJrn + ^DEUjl{E)/vy 



Dn 



27/ 



1/3^ 



(3.86) 



where De is the renormalized diffusion coefficient defined in Eq. ( |2.8(J| ) and ujq is the funda- 
mental frequency defined by Eq. ( |2.64| ), which signals a transition to insulator. 

As we have already noted Ginzburg — Landau coefficients A and B are given by the usual 
expressions valid also for "dirty" superconductorslll'll: 



A = N{EE)ln^^N{EE)^-^ 



(3.87) 



where is given by the usual BCS relation of Eq. ( p.l9|) , and 

7C(3) 



B 



87r2T2 



(3.88) 



where ({x) is Riemann zeta — function (C(3) = 1.202...). These coefficients depend on disorder 
only through the appropriate disorder dependence of N{Ef) and are valid even in localized 
phase. This is equivalent to the main statement of Anderson theorem. 

Significant changes appear in the gradient term coefficient C. Using Eqs. ( p.81| ) — ( p.83| ) 
with Eq. (|3.86|) we can find that in different limiting cases this coefficient can be expressed 



C = N{Ef)^^ ^ N{Ef) 



^De, iUEp) < Ef > E, 



(^0/^)2/3 iUEF)>{^,n'-' Ef-E, 



RiociEF)ln^^^^g§^ RUEe) < Ef < E^ 



(3.89) 



where we have defined the coherence length ^, and ^0 = 0.18fi?/Tc is BCS coherence length, 
/ as usual is the mean free path. Practically the same results were obtained in Refs. iHu smg 
the approach based upon elementary scaling theory of localization, which is as we already 
noted is equivalent to our use of self — consistent theory of localization. In Ref.E^l the same 
results were confirmed using the a — model approach to localization. 
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In metallic state, as Fermi level Ep moves towards the mobility edge Ec localization 
correlation length ^loc grows and the coefficient C initially drops as the generalized diffusion 
coefficient Dpp, i.e. as conductivity of a system in the normal state. However, in the vicinity 
of Anderson transition while a — >■ the drop of C coefficient saturates and it remains finite 
even for Ep < Ec, i.e. in Anderson insulator. With further lowering of Ep into localization 
region (or with Ec growth with disorder) the C coefficient is being determined by localization 
radius Rioc which diminishes as Ep moves deep into insulating state. However, remembering 
Eq. (|3.20| ) and Eq. ( p.22| ) we recognize that our analysis is valid only for large enough values 



of localization length, which satisfy Eq. ( ^.22| ). In this sense the last asymptotics in Eq. 



( p.89| ) is actually outside these limits of applicability. 

The finite value of the coefficient C in Ginzburg — Landau expansion in the vicinity of 
Anderson transition signifies the existence of superconducting (Meissner) response to an 
external magnetic field. Accordingly, for T < Tc the system can undergo a transition from 
Anderson insulator to superconductor. The physical meaning of this result can be understood 
from the following qualitative picture (Cf. Ref.ll^ where the similar estimates were used for 
the granular metal). In Anderson insulator all electrons with energies E close to Fermi level 
are localized in spatial regions of the size of ~ Rioc{E). Nearby regions are connected by 
some tunneling amplitude V which determines the probability of electron transition between 
such regions as: 

Pt ^ 2n\V\'NiE)RUE) (3.90) 
However, Anderson localization means that 

and coherent tunneling between states localized in these regions is impossible, and we have 
Pt < 2ttN-^{E)RJ-J^^. At the same time if conditions given by Eq. (|]20|) or Eq. (|3^ ) 



are satisfied inside each region ~ Rioc Cooper pairs may form and superconducting gap A 
appears in the spectrum. Then a kind of "Josephson" coupling appears between regions of 
localized states which determines the possibility of pairs tunneling: 

Ej^n'[NiE)RUE)m'A (3.92) 

It is easy to see that for 

we have Ej > Pp, so that if Eq. ( |3.20| ) is satisfied we can get Ej ^ N^^{E)R~^{E) despite 
of Eq. ( p.91j ) and tunneling of pairs between nearby regions of localized states is possible, 
even in the absence of single — particle tunneling. 

It is convenient to rewrite Eq. ( p.89|) using the the relation between generalized diffusion 
coefficient and conductivity like Eq. ( p.59[ ) as well as Eqs. ( p.73[ ), ( |2.75| ). Then using the 



Ginzburg — Landau expansion and the expressions for its coefficients we can easily find the 
temperature dependent coherence length ,^(T)ii3ii: 

^^'^ Tc~T\ {iol'fl^ a < a* {Ep ~ Ec) ^^'^^^ 
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where cXc = e^pp/ {i^'^h^) and characteristic conductivity scale cr* is given by 



cy*^a,{pF^,)-y'^crA^\" (3.95) 



c 

Ep 

Thus in the region of very small conductivities a < a* the scale of ^(T) is defined not 
by ^ ~ y/iol as in the usual theory of "dirty" superconductor^!! but by the new length 
i ~ (^0^^)^''^ ~ {io/VpY^'^ 1 which now is the characteristic size of Cooper pair close to 
Anderson transition. 

In a case if tu^/^ — law for a diffusion coefficient at the mobility edge is invalid and we 
have uj^ — behavior, with some unknown critical exponent 5 (which is possible because the 
modern theory actually cannot guarantee precise values of critical exponents at Anderson 
transitionilllll) we can easily show in a similar way that for conductivities a < a* ~ crc(PF^o)^^ 

the coherence length is defined by ^ ~ l~ . Qualitatively this leads to the same type of 
behavior as above. 

From Eq. ( |3.94| ) we can see that ^^(T) initially diminishes as we approach metal — 
insulator transition proportionally to a as in the case of a "dirty" superconductor. However, 
already in metallic region for a < a* it diminishes much slower remaining finite both at the 
transition itself and below. 

The superconducting electron density Ug can be defined a^: 

UsiT) = 8mCA'^{T) = 8mC{-A)/B (3.96) 

Close to Anderson transition we can estimate: 

~ mN{Ep)eA' ~ mppi^o/plY^'A' ~ n{Tl/'/Elf'\T, - T) (3.97) 

where tt, ~ p|n is total electron density. If we take here T ~ 0.5Tc i.e. more or less low 
temperatures we get a simpler estimate: 



rp .4/3 

~ n ( (3.98) 



E 



F 



which is actually valid up to T = 0, as we shall see below. From these estimates we can 
see that only a small fraction of electrons are superconducting in a strongly disordered case. 
However this confirms a possibility of superconducting response of Anderson insulator. 
Characteristic conductivity a* defined in Eq. ( p.95| ) gives an important conductivity 



scale at which significant influence of localization effects upon superconducting properties 
appeared. While Uc is of the order of Mott's "minimal metallic conductivity"™ a* is in general 
even lower. However, for small enough Cooper pairs (i.e. small which is characteristic 
of strong coupling and high — Tc superconductors) it is more or less of the order of cXc. 
Experimentally it can be defined as a conductivity scale at which significant deviations from 
predictions of the standard theory of "dirty" superconductors appear under disordering. 

We must stress that these results show the possibility of Cooper pairs being delocalized in 
Anderson insulator, while single — particle excitations of such superconductor are apparently 
localized, which may lead to some peculiar transport properties of "normal" electrons for 
T < Tc. First attempts to explore this peculiar situation were undertaken in Refs.E^Hl^. 

These results are easily generalized for the case of strongly anisotropic quasi — two — 
dimensional systems such as high — superconducting oxides. Using the analysis of such 
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systems within the self — consistent theory of locahzatiorH we can write down the following 
Matsubara generalization of Eq. ( 2.94|) : 



D,M \ Max [^^; (27rE^«;r2) -2/3(^^^)1/3 



(3.99) 



where j = ||,±. Now carrying out calculations similar to that of Ref.@ we obtain for the 
coefficients of gradient terms in Ginzburg — Landau expansion0'0: 

Cii_ = N{Ef)^1^ (3.100) 

where for the coherence lengths ^ we obtain a number of different expressions, depending 
on the value of the ratio w'^t /2'KTch which determines as we shall see the "degree of two — 
dimensionality" of the problem under study. For the case of w'^r /27[Tch ^ 1, corresponding 
to an anisotropic but three — dimensional system, we have: 

iL = ( ^) « ( ^) (3.101) 



where ~ hvp/Tc, C,1 ~ wa±/Tc, l\\ = vpT and l± = wa^r/Ti are the longitudinal and 
transverse BCS coherence lengths and mean free paths. The above expressions are valid in 
the conductivity region a\\ > cr*, where 



hr^ (3.102) 



Here (Ty was defined in Eq. ( p. 93 ). The condition of w^r /27iTch ^ 1 is equivalent to the 
requirement: 



a ~ \/ej± » a± (3.103) 

which clarifies its physical meaning: the transverse size of a Cooper pair must be much 
greater than interplane lattice spacing. In this case we have just anisotropic three-dimensional 
superconductivity. 

In the immediate vicinity of the Anderson transition, for a\\ < a* we have: 



n / rp2 \ 2/3 



C « (1 - 2-/3)(16.r'"C(5/3)^^-gi5^ . «f J= (^) 

It is easy to see that for w ~ Ep all these expressions naturally go over to those derived 
above for the three — dimensional case. 

For the case of w'^t /iTiTJi < 1 which corresponds to "almost two — dimensional" case of 



U ~ ^Jel.ll. < a± (3.105) 
i.e. of transverse size of Cooper pairs smaller than interplane spacing, we have 

^'■^ - ^ *^ 't 1 - <'V3 - 1, t (- ^'"^) <3-., 



(47r2SFTc«))2/3T II 
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Essential difference from just anisotropic case of Eq. (|3.101|) and Eg. ( p. 10^ ) is the appearance 
here of a second term of "two-dimensional" type. In purely two — dimensional problem {w = 



0) we havell^: 



^^ = ^['^- Tri^l^TT^ ] (3.107) 



8Tc V 2nEFT 2nTcT 



For high — Tc oxides it is reasonable to estimate ^ ~ /y, Tc ^ w, Tc ^ O.lEp, so that 
cr* ~ crjj, i.e. these systems are always more or less close to the Anderson transition. For 
Tc ^ w and h/r ^ Ep which is characteristic of rather strongly disordered case, we have 
w'^T /2TTTch < 1, so that for these systems we can realize almost two — dimensional behavior, 
though in general high — Tc oxides are apparently an intermediate case between strongly 
anisotropic three — dimensional and nearly two — dimensional superconductors. 

The significant change of Ginzburg — Landau coefficients and the new scale of coher- 
ence length close to the Anderson transition lead to an increased width of critical region 
of thermodynamic fluctuations near TcHIl. These are well known to be important for any 
second — order phase transition. The width of the critical region is defined by the so called 
Ginzburg criterion0'0 which may be expressed via the coefficients of Landau expansion. 
Mean — field approximation for the order parameter in Landau theory is valid (for = 3) 
foiii'§ 



1 > 



T-Tc 



Tc 



B'^T'^ 

:^^=tg (3.108) 



where a is defined hy A = a{T — Tc)/Tc. In case of superconducting transition we have: 
a = N{Ef), B ~ N{Ef)/T^ and C = N{Ef)^^. Accordingly, from Eq. j ^lWi ) we get the 
following estimate for the critical region: 

Ef\^ 1 



In the "pure" limit ^ = ~ vf/Tc and we get tg ~ (Tc/Ef)^, so that critical region is 
practically unobservable. In a "dirty" superconductor ^ ~ and 

and again we have ^ 1. However, for a superconductor close to mobility edge ^ ~ 
i^o/plY^^ and from Eq. (|3l09|) we get:i@ 

Tg ~ 1 (3.111) 

Note that in fact tg may still be small because of numerical constants which we have dropped 
in our estimates. Anyhow, the critical region in this case becomes unusually wide and su- 
perconducting transition becomes similar in this respect to superfluid transition in Helium. 
Fluctuation effects may thus become observable even in bulk three — dimensional supercon- 
ductor. Note that in localized phase ^ ~ Rioc and tg ~ [N'^{EF)RfocTc]~^ > 1 if the condition 
given by Eq. (lOoD is violated. 



Finally we should like to mention that thermodynamic fluctuations leadHH to an addi- 
tional mechanism of degradation for a system which is close to Anderson transition. This 
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follows from the general result on tlir reduction of mean — field transition temperature due to 
critical fluctuations. If these fluctuations are small (and we can use the so called one — loop 
approximation) for a three-dimensional system it can be shown that^S 



Tr 



Tco — 



7C(3) 



(3.112) 



where T^o is the mean — field transition temperature. If we use here our expressions for ^ 
valid close to metal — insulator transition we easily find for o > a*c£: 



T 



(3.113) 



For a < a* this fluctuation correction saturates as the further drop of coherence length stops 
there. Obviously higher — order corrections are important here, but unfortunately little is 
known on the importance of this mechanism of degradation outside the limits of one — 
loop approximation. 



2. Upper critical field 

Direct information on the value of ^^(T) can be obtained from the measurements of the 
upper critical field H^M'- 

H^^ = — (3.114) 
2^2 (T) ^ ' 



where 0o = nch/e is superconducting magnetic flux quantum. Using Eq. ( ^.941 ) we obtain 



the following relation between normal state conductivity a, the slope of the upper critical 
field at T = Tc given by {dHc2/dT)T^ and the value of electronic density of states at the 
Fermi level (per one spin direction) N{Ep )ii: 



(3.115) 



For a > a* the r.l^S. of Eq. ( p.ll5|) contains only the fundamental constants. This so called 



Gorkov's relationt3 is often used to interpret experimental data in "dirty" superconduc- 
tors. Using it we may find N{Ef) for different degrees of disorder from measurements of 
{dHc2/dT)T^ and conductivity a. On the other hand N{Ep) can in principle be determined 
from independent measurements e.g. of electronic contribution to specific heat. However, 
our expression for a < a* which is valid close to metal — insulator transition shows that in 
this region Gorkov's relation becomes invalid and its use can "simulate" the drop of N{Ef) 
with the growth of resistivity (disorder). Roughly speaking Eq. (p. 1151) shows that under the 



assumption of relatively smooth change of N{Ef) and Tc with disorder the usual growth of 
{dHc2/dT)T^ with disorder saturates in conductivity region of a < a* close to the Anderson 
transition and the slope of the upper critical field becomes independent of resistivity. This 
stresses the importance of independent measurements of N{Ef)- 

Note that the qualitative behavior given by Eq. ( p.ll5| ) is retained also in the case when 
uj^ — dependence of diffusion coefficient at the mobility edge (with some arbitrary critical 
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exponent S), only the expression for a* is changed as noted above. Thus this behavior is not 
related to any specific approximations of self — consistent theory of localization, except the 
general concept of continuous transition. 

For an anisotropic (quasi — two — dimensional) system we have similar relations: 



dT 27iaT, 



(3.116) 



dH^ ^ ^ 

dT 2vre||aT, ^ ^ 



with ,^11 X given above during our discussion after Eq. ( p.lOO| ). This leads to relations and 



qualitative behavior similar to Eq. (|3.115| ). However, we should like to note an especially 



interesting relation for the anisotropy of the slopes of the upper critical fieldS: 

{dHljdT)r. en ...... 

{dH^JdT)Tc a wa/h ^ ^ 

We see that the anisotropy of {dHc2/dT)T^ is actually determined by the anisotropy of the 
Fermi velocity irrespective of the regime of superconductivity: from the "pure" limit, through 
the usual "dirty" case, up to the vicinity of the Anderson transition. 

The above derivation of C coefficient of Ginzburg — Landau expansion explicitly used the 
time — reversal invariance expressed by Eq. ( p.82|) . This is valid in the absence of the external 
magnetic field and magnetic impurities. Accordingly the previous results for the upper critical 
field are formally valid in the limit of infinitesimal external field and this is sufficient for 
the demonstration of superconducting (Meissner) response and for the determination of 
{dHc2/dT)Tc, because Hc2 —> as T Tc. In a finite external field we must take into 
account its infiuence upon localization. The appropriate analysis was performed in Refs.00 
and with a slightly different method in Ref.EH. The results are essentially similar and below 
we shall follow Ref.^. The standard scheme for the analysis of superconducting transition in 
an external magnetic field@i@'0 gives the following equation determining the temperature 
dependence of Hc2(T): 



In— = 27rTy I—-, \ , „ — ^ [> (3.119) 

T, tr\2|£„|+27rD2(2|5„|)if/0o 2|£,'^ ^ ^ 



where D2{2\en\) is the generalized diffusion coefficient in the Cooper channel as defined after 
Eqs. (|i^ and (^Mj )- Eq. ( gTT9D is valid! for 



fl« = ^»« (3,120) 

Rh is Larmor radius of an electron in magnetic field, ^ is the coherence length. Note that 
Eq. ( p. 1191 ) describes only the orbital motion contribution to Hc2- In fact Hc2 is also limited 



by the paramagnetic limitiEll: 



^go^iBH < A (3.121) 
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where go is the usual g — factor of an electron, /i^ is Bohr magneton. 

Standard approach of the theory of "dirty" superconductors is based upon the replace- 
ment of D2{2\en\) in Eq. ( p.ll9| ) by Drude diffusion coefficient Dq which is valid for a metal 
with / ^ pp^. For a system which is close to the Anderson transition we must take into 
account both the frequency dependence of diffusion coefficient and the fact that in magnetic 
field D2 is not equal to Di — the usual diffusion coefficient determining electronic trans- 
port. Actually we shall see that the external magnetic field influence upon localization leads 
to rather small corrections to Hc2{T) practically everywhere except the region of localized 
stated!. Thus we may really neglect this influence as a first approximation as that was done 



in Refs.ciJo and start with the replacement of D2 in Eq. ( p.ll9| ) by Di = De, where De 
is the frequency dependent generalized diffusion coefficient in the absence of magnetic field. 
Detailed analysis of Eq. ( |3.119| ) can be found in Ref.El. 

Summation over Matsubara frequencies in Eq. ( p.ll9|) must be cut — off at some frequency 
of the order of < u > — the characteristic frequency of Bose excitations responsible for 
pairing interaction. It is convenient here to measure the distance from Anderson transition 
(degree of disorder) via frequency Uc defined in Eqs. ( p.42| ),( p?79D or Eq. ( p.l06| ) . If a 
system is far from Anderson transition, so that Uc ^< uj > we can completely neglect 
the frequency dependence of diffusion coefficient and find the usual results of the theory of 
"dirty" superconductors: 



H,2{T) 



TC 



(3.122) 



c2 



27 Dc 



1 _ 1 f^'' 
24 V T. 



(3.123) 



where 7 = 1.781.... For the Hc2 derivative at T = Tc we find from here the first relation of 
Eq. (|3.115|) , and Hc2(T = 0) is conveniently expressed aJllllli: 



Hc2i0) 



TT 

— ^ 0.69 



Tf^n MT\ 8 ^3-124) 

Tc{dHc2/dT)T, 87 

In this case Hc2(T) curve is convex at all temperatures below T^.^'SiS Very close to the 
Anderson transition, when uj^ ^ 27rT , only uj^^'^ behavior of diffusion coefficient is important 
in Eq. ( ^.1191 ) and it takes the following form0: 



= E {[(^ + 1/2) + {n + l/2f/\E/A7rTf/\uH/E)r^ - [n + 1/2]-^} (3.125) 



n=0 



where uoh = eH/mc. From here we get: 



Hc2{T)=m 



00 (4vr_ 
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1 2/3 



2-2/3^1/3^ 



T 



n- 



(3.126) 



Hc2{T)=m'^{irhf''T'J^E' 



/3 



TT 



2 

1 - -C2 

3 



(f) 



2/3' 



(3.127) 



where Ci = I]^o('^ + V^) ~ 4.615 and C2 ~ 0.259. From these expressions we get: 



64 



^^^mUE/T^f" = -TTTTT^^ (3-128) 



N{E) \ dT J^^ vrci ' ci [iV(E)r,]i/3 

which makes precise the second relation in Eq. ( p.ll5|) , while for Hc2{T = 0) we obtain: 



- - 1.24 (3.129) 



T,{dH,2/dT)T^ (47)2/3 



As was first noted in RefsBiHH3 this ratio for the system at the mobility edge is significantly 
larger than its classical value 0.69. In this case Hc2{T) curve is concave for all temperatures 
below Tc. ^Detailed expressions for the intermediate disorder when 2nT <^ cUc <^< to > can 
be found in Ref.0. 

On Fig.|l4| we present the results of numerical solution of Eq. (|3.119|) for the different 



values of characteristic frequency Uc, i.e. for the different disorder. A smooth crossover 
from the classical behavior of the theory of "dirty" superconductorsEzlSllli to anomalous 
temperature dependence close to the Anderson transition^ is clearly seen. 

Below the mobility edge (i.e. in Anderson insulator) and for Uc = 1/ {2TT^N{E)Rf^J ^ 
27rT, i.e. very close to mobility edge we can again use cu^^^ — behavior of diffusion coefficient 
and find the same temperature dependence of Hc2 as at the mobility edge itself or just above 
it. For 2ttT < cj^ < 2ttT^ Eq. (|3lT9D takes the form0: 

rp n.o-1 

in- = E {(^ + 1/2)[1 + iE/u^r\uH/E)]}'' + 

oo oo 

+ ^ {(n + 1/2) + (n + l/2y^'iE/AnTf'iujH/E)y' - ^(^ + 1/2)"' (3.130) 

n=no n=0 

where hq = uod^TiTc corresponds to a change of frequency behavior of diffusion coefficient. 
Defining x = coh/^c^^E^^^ we can reduce Eq. ( p.l30| ) to: 

3 

ln{T/T^) = xln{-fujJnTc) + ^{'^ + x)ln{l + x) (3.131) 

which implicitly defines Hc2iT) and shows0 that now Hc2(T) ^ oo for T ^ (logarithmic 
divergence). Numerical solution of Eq. ( |3.130D is shown at the insert in Fig]T^. Below we 
shall see however, that this divergence of ifc2 is lifted by the inverse influence of magnetic 
field upon diffusion. 

Let us now turn to the problem of magnetic field influence upon diffusion and its conse- 
quences for Hc2 temperature behavior. If we are far from the Anderson transition magnetic 



field influence is small on parameter ~ yLUn/E and its influence upon Hc2 is insigniflcant. 
Close to the transition magnetic fleld correction may overcome the value of D{H = 0) and 
we have to consider its influence in detailEl. Accordingly we shall limit ourselves with the 
case of uJc/E -C {ojh/ EY^^ for which we have already discussed the magnetic fleld behavior 
of generalized diffusion coefficient in Cooper channel. It was given in Eq. (|2.110|) and Eq. 
( p.lll| ). In this case we have seen that characteristic frequency is replaced by: 

uj'^ = {^un/Ef'^E (3.132) 

where ^ = W^/2 ^ 0.18.(1^ was defined during our discussion of localization in magnetic 
field). For T Tc there is no change in the slope of Hc2 given by Eq. ( p.l28| ) as was noted 
already in Ref.il. Here we shall consider the case of T <^ T^. 
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For 2ttT > uj'^ in all sums over Matsubara frequencies we can take D{ijj) ~ u;^/^ and 
actually we can neglect magnetic field influence upon diffusion. In this case Hc2{T) behaves 



like in Eq. (|3.127| ) i.e. as at the mobility edge in the absence of magnetic field effects. For 
2ttT < u'^ equation for Hc2{T) takes the formO: 



In- = E [(^ + 1/2) + {ujEfl^Uu/W)]-' 



n=0 



+ E {(n + 1/2) + (n + l/2Y'\E/A7^Tf'\ujHlE)}-^ - + V2) 



-1 



(3.133) 



n=no 



where no = u'^/AttT. In this case we find 



m — (1 + If) 
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Accordingly we have 



T,{dH,2/dT)T^ 



;i+^)- 



'1/3. 
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1.18 



(3.134) 



(3.135) 



and the change in comparison with Eq. (|3.129|) is actually small. However, for 27iT < uj'^ the 
Hc.2{T) curve becomes convex. The inflexion point can be estimated as = Lo'j2'n ^ 0.02Tc. 



This behavior is shown in the insert on Fig. 14 



Consider now insulating region. We shall see that the magnetic field effects on diffusion 
lead to the effective cut — off of the weak divergence of Hc2 as T — > noted above. Generalized 
diffusion coefficient -D^in insulating phase and at low enough frequencies is determined by 
the following equatiorJl3: 



2mDo 



-{uJclEfl^- + {-%ujlEfl''{2mD2Y^I'' + -W{2ujnl E)"'^ 



(3.136) 



Now we can see that the external field defined by 

W 



— puJulE>{uj,lEfl'' 



(3.137) 



transfers the system from insulating to metallic state. If the system remains close to mobility 
edge we can estimate the upper critical field as above by ujh ~ [jx j '^Y'l'^T];!'^ E^l"^ and Eq. 
( P.13?| ) reduces to: 



1 



TT 



(3.138) 



and practically in all the interval of localization lengths where according to our main criterion 
of Eq. ( |3.2U| ) we can have superconductivity in Anderson insulator the upper critical field 
in fact destroys localization and the system becomes metallic. Accordingly there is no way 
to observe the divergence of the upper critical field as T and the Hc2{T) curves in 
"insulating" phase all belong to the region between the curves of Hc2{T) at the mobility edge 
defined in the absence of magnetic field (curve 3 in the insert on Fig.0) and at the mobility 
edge defined in magnetic field (curve 1 in the insert). This result actually shows that it may 
be difficult to confirm the insulating ground state of strongly disordered superconducting 
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system just applying strong enough magnetic field to destroy superconductivity and perform 
usual transport measurements at low temperatures. 

Note that another mechanism for the change of Hc2{T) at low temperatures was pro- 
posed by Coffey, Levin and MuttalibEl^. They have found the enhancement of Hc2 at low 
temperatures due to the magnetic field dependence of the Coulomb pseudopotential /x* which 
appears via the magnetic field dependence of diffusion coefficient. Magnetic field suppression 
of localization effects leads to the reduction of Coulomb pseudopotential enhancement due 
to these effectfS. Accordingly we get the enhancement of Hc2 at low temperatures. Unfor- 
tunately the apparently more important effects of the frequency dependence of generalized 
diffusion coefficient were dropped. 

Returning to general criteria of validity of Eq. ( p. 1191) we note that the condition of 



> ^ is reduced to ujh < TI'^E]!^ which is obviously satisfied in any practical case. Note, 
however, that our estimates for Hc2 at low temperatures lead to ujh = Ao(-E'f/Ao)^^^ > Aq 
which can easily overcome paramagnetic limit. In this case the experimentally observed 
Hc2 of course will be determined by paramagnetic limit and anomalous behavior due to 
localization will be unobservable at low temperatures. At the same time in case of Hc2 being 
determined by paramagnetic limit it may become possible to obtain insulating ground state 
of the system applying the strong enough magnetic field. Note that the effective masses 
entering to cyclotron frequency and paramagnetic splitting may be actually very different 
and there may be realistic cases when orbital critical field may dominate at low T. For T ~ 
Hc2 is always determined by orbital contribution. 

Similar analysis can be performed for the two-dimensional and quasi-two-dimensional 
case^ll, which are important mainly due to quasi-two-dimensional nature of high- 
temperature superconductors. We shall limit ourselves only to the case of magnetic field 
perpendicular to highly conducting planes, when the temperature dependence of Hc2{T) is 
again determined by Eq.(|3.1lUD with D2{oj) having the meaning of diffusion coefficient in 



Cooper channel along the plane. 

If we neglect the magnetic field infiuence upon diffusion the frequency dependence of 
diffusion coefficient in purely two-dimensional case is determined by Eq. ( p.ll5| ). It is easy 
to see that the possible anomalies in the temperature behavior of the upper critical field 
due to the frequency dependence of diffusion coefficient will appear only at temperatures 
T <^ At higher temperatures we obtain the usual dependence of the "dirty" limit. 



Accordingly, from Eq.( p.ll9 ) we obtain two different types of behavior of Hc2{T): 

-1/A 



1. For > 



e 



Hc2{T) = -,^Tln I for T ~ T, (3.139) 

7C JJq \ 1 



i^c2(T) = -^(1-2.12 - )for^ «r«T, (3.140) 

27 -Do \TcJ T 

For T < the upper critical field is defined by the equation: 

,„ . (1 +4.^I%);„ Ul!;!^^ + 4.^1%)) (3.141) 
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from which we can exphcitly obtain the dependence of T{Hc2)- 

Thus, up to very low temperatures of the order of ~ ^2!^ the upper critical field is de- 
termined by Drude diffusion coefficient and we obtain the standard Hc2{T) dependence 
of a " dirty" superconductor. The ratio ^d'u^l for ^-7— ^ T ^ Tc is equal to the 

usual value of 0.69. For low temperatures T <C — we obtain significant deviations 
from the predictions of the usual theory of "dirty" superconductors. Hc2{T) depen- 
dence acquires the positive curvature and the upper critical field diverges as T — > 0. 

-l/A 



The behavior of the upper critical field for the case of ^ ^ — is shown in Fig.pTS 
curve 1. 

2. For Te < ^— the upper critical field behavior for any temperature is defined by 



Eq.( |3.14lD . Hc2{T) — dependence acquires positive curvature and Hc2 diverges for T 

Do 



0. For small fields Hc2 < i.e. for T ~ T„ Eq.fKTm, gives the exphcit 



expression for H, 



c2- 



_ 1 ^„e-V-^ 

The slope of Hc2(T) at superconducting transition is determined by: 



(3.143) 



The behavior of the upper critical field for the case of Tc <C ^^r— is shown in Fig.[L6 
curve 1. 



It is clearly seen from Eqs. ( p.ll5| ) and (|2.116| ) that magnetic field influence upon diffusion 
becomes relevant only for high enough mag netic fields H^2 > i .e. for very low 

temperatures T ^ Tc. If we use Eq. (|2.116|) in the main equation ( p.ll9| ), we obtain the 
following results: 

1. The case of ^ < < i. 

For high enough temperatures T ^ ^j^^ diffusion coefficient entering Eq.( |3.119| ) 
coincides with Drude's Dq and the upper critical field is determined by Eqs. (|3.139|) 
and (g^). 

For s L^IA < T < ^ we obtain: 

T T 

i^c2(T) = ^^(1-3.56^) (3.144) 
27 Do Ic 



Eq.( |3.14^ differs from Eq.( p.l40D only by temperature dependent corrections and we 



can say that the magnetic field influence upon diffusion in this case leads to the widen- 
ing of the temperature region where we can formally apply the usual theory of " dirty" 
superconductors. 



68 



For T ^ the upper critical field is defined by: 



where Q = 2^ 75^^ 7- From Eg . (13.1451 ) we can obtain the explicit dependence T{H, 



c2 



The upper critical field in this case is slightly concave as in case of Eq.( |3.14TD where 
we have neglected the magnetic field influence upon diffusion. However, now we have 
no divergence of for T — > and 

Hc2{T = 0) = ^^- (3.146) 

In fact the value of Hc2{T = 0) will be even smaller, because for these values of the 
field the number of Landau levels below the cutoff will be of the order of unity and 
we are now outside the limits of applicability of Eqs. (|2.113| ). However, the order of 
magnitude of Hc2{T = 0) given by Eq.( |3.146|) is correct. Hc2{T) behavior with the 
account of magnetic field influence upon diffusion is shown in Fig.|15|, curve 2. 

2. The case of < 

For small fields H^2 < i-e- for T ~ T^, magnetic field influence upon diffusion 

is irrelevant and the upper critical field is determined by Eq.( |3.14^ ). For low temper- 



atures Hc2(T) is determined by Eq.( p.l45| ), i.e. magnetic field influence upon diffusion 
liquidates the divergence of the upper critical field as T — >■ 0. The behavior of Hc2{T) 



for Tc <^ ig shown in Fig.|T6|, curve 2. 



It should be noted that the case of <^ ^JZi jg possible only for sufficiently strong 
disorder. For typical Tc ~ V^~^Ep this case can occur only for A > 0.2. Superconducting 
pairing can exist only in case the condition similar to Eq.( |3.2Cl| ) is satisfied. In two-dimensional 
case this condition leads to inequality Tc ^ A^-^ which makes the region under discussion 
rather narrow. 

Quasi-two-dimensional case was extensively discussed in Ref.0. Situation here is in many 
respects similar to that of two-dimensions, e.g. the anomalies in the upper critical field be- 
havior due to the frequency dependence of diffusion coefficient appear only for temperatures 
T <^ while at higher temperatures Hc2{T) is well described by the usual theory of 

"dirty" superconductors. As the interplane transfer integral w grows the smooth transition 
from purely two-dimensional behavior to that of three-dimensional isotropic system can be 
demonstrated. In case of Tc ^ ^ — deviations from the usual temperature behavior of Hc2 is 

observed only for very low temperatures T <C while close to Tc there are no significant 

changes from the standard dependence of Hc2{T). For -C ^—^ as interplane transfer in- 
tegral w grows the temperature dependence of Hc2{T) changes from purely two-dimensional 
concave behavior for all temperatures to convex three-dimensional like dependence. In Fig.|l7 
we show the typical transformations of Hc2{T) behavior as transfer integral w changes driv- 
ing the system through metal-insulator transiton0. This clearly demonstrates the sharp 
anomalies in Hc2 behavior which can appear due to localization effects. 
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D. Fluctuation Conductivity Near Anderson Transition 



Fluctuation conductivity of Cooper pairs (above Tc) is especially interesting in strongly 
disordered system because the usual single — particle contribution to conductivity drops to 
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zero as the system moves towards Anderson transition. We shall use the standard approach 
which takes into account fluctuational Cooper pairs formation above T^. We assume that it is 
possible to neglect the so called Maki — Thompson correction which describes the increased 
one — particle contribution to conductivity due to superconducting fiuctuationslil^. We expect 
that these estimatesliI3 will enable us to find a correct scale of fluctuation conductivity close 
to mobility edge. 

Consider first the averaged fluctuation propagator: 

L-\q,Qk) = X-'-U{q,Qk) 
where the polarization operator 

n(q, ^k)=Y.Y.< (^(p+p'+^n + fifc)G'(p_p'_ - En) > = 

pp' 

= -2i7rT^$£;(q,cJm = -2£:„ + r^fe) Um = 2'nmT 



(3.147) 



(3.148) 



During our analysis of Ginzburg — Landau coefficients we were interested in ujm = '2en, so 
that one of the Green's functions in was automatically retarded, while the other was 
advanced. Now we need a more general expression of Eq. ( p.l48| ) with uj^ = 2e„ + Q^. 
Accordingly, instead of Eq. ( p.83|) we must use the following expression with additional 
6'-function: 



N{E)e[enien + nk)] 



i\2en + nk\ + iDEi\2en + nk\)q^ 



(3.149) 



where the generalized diffusion coefficient is again determined by Eq. ( p. 85 ) and Eq. (|3.86| 



From Eqs. (|3.147|) — ( p.l49| ), performing summation over we get the following form of 
fluctuation propagator for small q {DEq^ < T): 



-N{E) 




(3.150) 



where 



^^^^DEi2e. + \n^\) 



Dq . /^rS. 1 I |!^fc|\ f \ ft 72U/3 



(3.151) 



It is also useful to know the form of fluctuation propagator for ^ T. In this case, close 
to the Anderson transition, we may replace the sum over in Eq. (|3.148|) by integral, while 
far from the transition it can be calculated exactly. As a result we get: 



-N{E) 



''"'Tc ^ V2 ^ 47rT ^ AnT 



Hi 



In^- + \ln 



\i-KT ) 



+ 



(47rT)2/3 (27)1/3 



(3.152) 
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Diagrams determining fluctuation conductivity are shown in Fig.|T8[ Contributions of graplis 
Fig.|l8| (a) and (b) are nonsingular close to because at least one of fluctuation propagators 
transfers a large momentum of the order of pp. Thus we have to consider independent 
contributions B formed by three Green's functions. We can calculate these contributions 
using the usual approximations of self — consistent theory of localization taking into account 



the renormalization of triangular vertices by maximally — crossed graphsiiii (Cf. Eq. (ISliOp 



as in Fig.[T^ (c). We shall neglect graphs like in Fig.|TB| (d) where the topology of disorder 
scattering lines is not reduced to the renormalization of triangular vertices. We assume that 
these approximations are sufficient at least for a qualitative inclusion of localization effects. 
Note that it is sufficient to calculate the contribution of three Green's functions B(q, Q^, 
for small q and zero external frequency Um = 0. It can be easily found differentiating the 
polarization operator of Eq. ( |3.148| ) : 

B(q,fifc,0) = qC = -^n(q,i7,) (3.153) 

aq 



The contribution of diagram of Fig.|T8| (c) to the operator of electromagnetic response^ is 
determined by the following expression: 

Qa0 = / -^iCqa)iCqp)Lici,nk)L{ci,n, + u;m) (3.154) 



Close to Tc we can also neglect the dependence of C on fi^. Then C reduces to Eq. ( |3.89| ) and 
we have C = N^E)^"^. Fluctuation propagator analytically continued to the upper halfplane 
of complex uj takes the usual form: 

^'''■"'-- iV(g)3:=a-4 + W 

Further calculations can be performed in a standard way and for fluctuation conductivity 



for (T — Tc)/Tc <^ 1 we get the usual resultlll3: 



^AL = :^ (3.156) 



32^h \T-T, 

but with the coherence length ^ being defined as (Cf. Eq.( |3.89D ): 

e = |(Jb)''' e..<(eo/Y/^ E>E. 



(3.157) 



From these estimates we can see that as the system approaches the Anderson transition a 
temperature interval where the fluctuation contribution to conductivity is important widens. 
Fluctuation Cooper pair conductivity becomes comparable with a single — particle one for 
cr < cr* ~ o"c(pf^o)~^^'^ ~ o'ciTc/ EfY^^ , i.e. close enough to mobility edge. In fact this 
confirms the above picture of Cooper pairs remaining delocalized while single — particle ex- 
citations localize as the system undergoes metal — insulator transition. 

It is not difficult to find also the fiuctuation contribution to diamagnetic susceptibility^. 
Close to Tc it is determined by a standard expression: 
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(3.158) 



where the coherence length is again defined as in Eq. ( p.l57| ). 

Thus our expressions for fiuctuation effects follow more or less obviously from our general 
picture of Ginzburg — Landau expansion: for the system close to Anderson transition we have 
only to replace the usual coherence length of a "dirty" superconductor by ^ ~ (^o^^)^'''^ ~ 



IV. SUPERCONDUCTIVITY IN ANDERSON INSULATOR AT T = 

We have already considered the superconducting response of a system which is close to 
Anderson transition within Ginzburg — Landau approximation, i.e. for temperatures T ~ T^. 
In fact it is not difficult to obtain similar results also for T = 0@. 

Superconducting current density at T = is given byi: 



mc 



(4.1) 



where is superconducting electron density, A is vector potential of an external magnetic 
field. On the other hand, using exact eigenstates representation DeGennes has obtained the 
following beautiful relation between superconducting response at T = and conductivity of 
a system in the normal stateiil: 

j. = (t^ /^e / deLi^,aReai^ - a - — | a (4.2) 

[ Zttc J J mc J 

All characteristics of a superconducting state are contained here in the kernel: 



where £" = y,^^ + Ag and Aq is superconducting gap at T = 0. Note that in normal state 
js = and we can rewrite Eq. (|4.2| ) as: 



j. = ^/^e/ dcm,aA=Ao-L{^,o\A=o]A (4.4) 

Taking into account that i^(^, ^')Ia=Ao ~ -^(^,^')Ia=o for large |^ — drops as |^ — ^'|^'^ 
it is sufficient to know only the low — frequency response of a system in normal state. In 
particular, for "pure" system (with no scattering) we have Re(j{uj) = {ne^ /m)Ti~^5{uo) and 
comparing Eq. ( [4.1|) with Eq. ([4.4|) it is immediately clear that at T = we have = n, 



i.e. in an ideal system all electrons are superconducting. 

Close to the Anderson transition we can use the results of elementary scaling theory of 
localization, e.g. Eq. (|2.3lD and Eq. (|2.33|) to write 



aiuj)^{ .1/3 (4.5) 
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where uJc ~ \N{E)Q^}^~^ is defined in Eq. (|2.42|) , is the critical conductance of scahng 
theory ((yf^ ~ 1), ^ ~ 1- From Eq. (|4.3|) and Eq. ([4.4|) it is clear that the main contribution 
into integral in Eq. ( [4.4| ) comes from |^ — ~ Aq, so that the value of depends on the 



relation between Aq and uj^- For Aq < uJc we have (t(Ao) = Ag^/^ioc and 

n, = A^Aol^ (4.6) 

For Aq > we have o"(Ao) = Agc[N{E)/S.QY^'^ and it becomes independent on the further 
growth of ^loc in the region of ^loc > [N{E)Aq]''^^^. Accordingly Ug does not vanish at the 
mobility edge but saturate at 

Us = A'^g,[N{E)AoY/' (4.7) 
In localization region we can write instead of Eq. 







~ { /I. \AT(T7\, ,11/3 , , ^ , , (4- 



which again leads to (t(Ao) ^ AgJ^N{E)AQY''^ and Eq. (|3) remains valid until Rioc > 
[N{E)Aq]~^^^. Thus the density of superconducting electrons Ug remains finite close to 
Anderson transition both in metallic and insulating states. From Eq. ( |4.7] ) it is easy to see 
that close to Anderson transition 

(4.9) 



n \E 



This coincide with an estimate of Eq. ( p.98|) based upon Ginzburg — Landau expansion. For 



typical Aq and Ep only small part (~ 10~ in traditional superconductors) of conduction 
electrons form Cooper pairs. The condition of Rioc > [N{E)Ao]~^^^ ~ a{Ep/ AqY^^ as dis- 
cussed above defines the size of possible superconducting region in Anderson insulator. This 
region is of course quite narrow, e.g. if metal — insulator transition takes place with a change 
of some external parameter x (impurity concentration, pressure, fluence of fast neutrons 
etc.), so that Rioc ~ (i\{x — Xc)/xc\~'^, then for f» 1 and typical Ef/Aq ~ 10^ we get 

\x — Xc\ < O.lXc- 

These estimates are in complete accordance with the results of our discussion of 
Ginzburg — Landau approximationillii and in fact we now have the complete qualitative 
picture of superconductivity in Anderson insulator both for T ~ and T — 0, i.e. in the 
ground state. 
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V. STATISTICAL FLUCTUATIONS OF SUPERCONDUCTING ORDER 

PARAMETER 



The previous discussion of superconductivity in a strongly disordered system is based 
upon important assumption of the existence of self — averaging superconducting order — 
parameter A. This assumption was first used in the theory of "dirty" superconductor^^lllllllli 
and also in all early papers on the interplay of localization and superconductivity. It was 
expected that spatial fluctuations of this order parameter A(r) are actually small and we can 
always use some disorder averaged parameter < A(r) >. It seems natural for a Oc and 
it really can be justified in this region as we shall see below. However, close to the mobility 
edge there are no special reasons to believe in correctness of this assumption. In this case 
electronic characteristics of the system become strongly fluctuating and we shall see that 
these lead to the strong spatial (statistical) fluctuations of superconducting order param- 
eter, or even to the regime inhomogeneous superconductivity. At the same time we must 
stress that these fluctuations are in some sense similar to the usual thermodynamic critical 
fluctuations of the order parameter and become important in some new critical region (we 
call it statistical critical region) close to Tc. In this sense all the previous analysis is just a 
kind of statistical mean — field approximation and of course it is a necessary step for further 
studies taking into account the statistical fluctuations. The importance of these fluctuations 
is stressed by the fact that the statistical critical region widens (similarly to the usual critical 
region) as the system goes to the Anderson transition and apparently the role of fluctuations 
becomes decisive for the physics of the interplay of localization and superconductivity. 



A. Statistical Critical Region 

Here we shall start by a demonstration of the appearance of the new type of fluctuations 
which are at least of the same importance as the usual critical fluctuations of supercon- 
ducting order — parameter. We call them statistical fluctuationsil and their nature is closely 
connected to the problem of self — averaging properties of this order parameter (i.e. with a 
possibility of decoupling transforming Eq. ( |3.12| ) into Eq. ( j.l3D ). We shall more or less 
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follow Ref.l-j, equivalent results were recently obtained in Ref.E 

Let us return to the Eq. (|3.7|) and analyze the situation in more details. We shall use a 
simple iteration procedure assuming that fluctuations of the kernel K{rr') due to disorder 



are small. Similar approach was first used in Ref.tl3. In this case we can represent i^(rr') 
and A(r) as 

K{rr') = Ko{r - r') + Ki{rr'y, Ko{r - r') =< K{rr') > 

A(r) =< A > +Ai(r) (5.1) 

where < A > is the solution of linearized gap equation with averaged kernel Ko{r — r') while 
Ai(r) is the first order correction over the perturbation defined by i^i(rr'). We have seen 
that the linearized gap equation Eq. ( |3.13| ) with the averaged kernel KqIt — r') determines 
the standard transition temperature of BCS theory given by Eq. ( p.l9|) which we shall now 
denote as Tco- In the first order over Ki there is no correction to Tcq: < Ki >=0. In the second 
order of this perturbation theory we obtain the following change of transition temperature, 
defined as the temperature of appearance of homogeneous order — parameter: 
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Tr - T, 



cO 



1 r d^q iri(qO)i^i(Oq) 



cO 



(27r)3 l-iro(q,T,) 



(5.2) 



where 



ifi(Oq) = iri(-qO) = I dr J drV'i"[ir(rr') - Ko{r - r')] 

1 

ME) , 



<UJ> 



A 



dE E 





dre 



5:i</.,(r)p5(i?-e,)-l 



(5.3) 



Here \p = gN{Ep) and we have used the completeness and orthonormahty of exact eigen- 
functions 0^(r). It is obvious that correction to T^q given by Eq. ( |5.2| ) is always positive. 
After averaging Eq. ( ^.2|) over disorder we get the relative change of transition temperature 
due to fluctuations as 



Tea 



cO 



cO 



A 



d^q 



' ' (27r)3l-iro(q,r,) 



(5.4) 



where 



J -e''2T. I E^^^2^|iV(E)«^-Wp.'(0)»--l| 



(5.5) 





and we have introduced the spectral density of Eq. (A3) 

1 



< Y: \M^)\'\Mr')mE - E,)5{E' - e.) > 



(5.6) 



which is actually a correlation function of local densities of states. 
Remember now that in a "dirty" syste mlii: 

1 - Ko(q, T) = l- 27rTA„ Y ——, ^ , , , 



A. 



T — Tco , ^2 2 



T, 



cO 



En = (2n + l)7rT 



(5.7) 



where ^ is the coherence length defined previously e.g. in Eq. (|3.89|) . The approximate 
equality here is valid for |T — Tco\/Tc <ti 1, ^^g^ <^ 1. From Eq. (|5.4|) and Eq. ( ^?7|) we get 
the change of transition temperature in the following form: 



Tco 



d^fj v?(q) 

(27r)3 ^q^ 



(51 



Here we must cut — off integration at g ~ in accordance with limits of applicability of 
the last expression in Eq. ( |5.7| ). However, the contribution of short — wave fluctuations here 
may be also important. 
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The Ginzburg — Landau functional expressed via non — averaged order parameter A(r) 
has the following formi: 



F{A} = Jdr |^^^^|A(r)|2 - N{Ef) J dr' K{rr')A{r')A{r) + ^B\A{ 



r)|n (5.9) 



where we have neglected the fluctuations of pairing interaction Ap and of the coefficient B, 
which is defined by the standard expression given in Eq. (|3.88|) . Using Eqs. (|0| ) — (|0| ) we 



can find Ginzburg — Landau equations which describe the slow changes of A(r): 

|iV(E^)^^|^ + M(r) - 5|A(r)p + A(r) = (5.10) 

where 

6A{r) = N{EF) J ^th^^{j;^^T.\Mr)mE-e.)-l'^ (5.11) 

describes the fluctuations of the coefficient A of Ginzburg — Landau expansion and we have 
neglected the fluctuations of the C coefficient . 

Ginzburg — Landau equations with fluctuating coefficients were analyzed for the ffist 
time by Larkin and Ovchinnikovli^. It was shown that 5A(r) — fluctuations lead to a shift 
of transition temperature given by Eq. ( ^.8|) and the solution of Eq. (|5.10| ) for the order 



parameter in the ffist order over fluctuations has the form of Eq. ( |5.1j ) with: 



i2ny 

, . ^ < A > 6A(a) 

where r = (T^ — T) /T^ is temperature measured relative to the new transition temperature. 
The mean — square fluctuation of the order — parameter itself is determined from Eq. ( |5.12| ) 
by: 

I^/t^^J^ (5.13) 



<A>2 J (27r)3 [^2^2 + 2r]2 

where v^(q) was introduced in Eqs. (|5.4|), (p3|). It is important to note that fluctuations of 
A(r) as opposed to — shift are determined by small q behavior of (p{q). 

We can see now that all the physics of statistical fluctuations is described by the correla- 
tion function of local densities of states (or spectral density of Eq. (|5.6|) ). This function was 
determined above in Eqs. (|2.83|) , ( p.84| ) within self — consistent theory of localization or by 



Eqs. ( p.l37|) , ( p.l39| ) which follow from from scaling approach close to the mobility edge. 

Using Eq. ( p.84|) for the metalhc state not very close to the mobility edge we can get 
from Eq. ( [5.5| ): 

where ^ = and Dq is the Drude diffusion coefficient. Estimating the — shift from Eq. 
( PTSD we get: 
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where tq is the size of Ginzburg critical region defined by Eq. ( 3.108|) . We have seen that in 
the usual "dirty" superconductor re ^ 1. For the order — parameter fiuctuations from Eq. 
( p.l3| ) we obtain: 



< A >2 Svr ^3 ^ I |r| / 



(5.16) 



From here we can see that the width of the temperature region where statistical fiuctuations 
are important is given by: 

_ 1 _ fT,. . 



It is obvious that in a "dirty" superconductor we have r^) ^ ^ 1 and statistical fiuctua- 
tions are absolutely unimportant. 

Situation change for a system which is close to the mobility edge. Using Eq. ( |2.84| ) with 
Do replaced by ^0(^^/7)^/^ or Eqs. ( ^1371) — (|27[39|) we obtain: 

where ^ ~ {^oPf^Y^^- Similarly we get: 

<A^> , y eq'dq , 111 
< A >2 J (^2g2 _^ 2r)2 /uT |r| 



From Eq. ( ^.19|) it follows that close to the mobility edge statistical fiuctuations become 
important and even overcome thermodynamic fiuctuations due to the logarithmic factor in 
(y9(q). Thus in this region we have r/j > ~ 1. 

The crossover from the regime of weak statistical fiuctuations (r^i ^ tg) to the strong 
fiuctuation regime occurs at the conductivity scale a ~ cr* ~ <^c{PFio)~^^^ which was ex- 
tensively discussed above. Thus close to the mobility edge the superconducting order — 
parameter is no more a self — averaging quantity. Here the mean — field theory approach 
becomes formally invahd due to thermodynamic and also because of statistical fiuctuations. 
Below we shall analyze this situation in more details. 

Finally we shall briefiy discuss the region of localized localized states. The appearance 
here of a singular 6{uj) — contribution to the correlator of local densities of states given by 
Eqs. (A8) — (AlO) leads to the additional contribution to </5(q): 

'^TdE ( E \ A^(q) Ae^ ^ 

^^^)= / E-A'^wJl^)^---N{E^,^--- = 

^ +••• (5.20) 



N{Ep)Ul + RW 
Accordingly a new contribution to A(r) fiuctuations is given by: 
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^ / I (521) 

and it grows fast as the localization length Rioc diminishes. Using our main criterion of 
superconductivity in localized phase given by Eq. ( p.2(]| ) we can see that in all region of 
possible superconductivity statistical fluctuations of A(r) remain of the order of unity and 
are important in rather wide temperature interval around T^. 



B. Superconducting Transition at Strong Disorder 



We consider now superconductivity in systems with strong statistical fluctuations of 
the "local transition temperature" T^r) as described by Eq. ( |5.10|) and Eq. (|5.11|) . In 
this analysis we shall follow Refs.t^'E^. For simplicity we assume Gaussian nature of these 
fluctuations. Note, however, that close to the mobility edge the fluctuations of local density of 
states become strongly non — Gaussian^ and this can complicate the situation. Unfortunately 
the importance of this non — Gaussian behavior for superconductivity has not been studied 
up to now. We shall see that in our model , depending on the degree of disorder, which we 
shall measure by the ratio td/tg , two types of superconducting transition are possible. For 
r^) smaller than some critical value the superconducting transition is the usual second — 
order phase transition at T = T^. The superconducting order — parameter is in this case 
equal to zero for T > Tc and is spatially homogeneous over scales exceeding the correlation 
length ^(T) below Tc. Statistical fluctuations lead only to a change of critical exponents at 
the transitionE^' 



At td > the superconducting state appears in inhomogeneous fashion even if the 
correlation length of disorder induced fluctuations of Tc(r) is small compared with the su- 
perconducting correlation length ^ (microscopic disorder). This case was first analyzed by 
loffe and LarkinS. Investigating the case of extremely strong disorder they have shown that 
as the temperature is lowered the normal phase acquires localized superconducting regions 
(drops) with characteristic size determined by ^(T). Far from Tc their density is low, but 
with further cooling the density and dimensions of the drops increase and they begin to 
overlap leading to a kind of percolative superconducting transition. 

According to our previous estimates, if we take into account only the fluctuations of 
local density of states, the parameter T£,/tg increases from very small values to a value 
greater than unity as the system moves towards the mobility edge. An onset of an inhomo- 
geneous superconducting regime is therefore to be expected as the localization transition is 
approached. 

Our treatment of superconductors with large statistical fluctuations will be based on the 
Ginzburg — Landau functional: 



T{A(r),A(r)} = / dv 



B^rr) 



57r 



V-^A(r)))A(r 



N{E,) [(r + t(r))|A(r)p+ 
2 1 



-A|A(r) 



(5.22) 



where B = rotA is magnetic field and we have redefined the coefficient of quartic term 
as B = N{Ef)X. Here t(r) is defined by Eq. { ^Jl\ ) as 5A{r) = N{EF)t{r) and plays the 
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role of the fluctuation of local "critical temperature" , which appears due to fluctuations of 
local density of states. In general case it also can have contributions from local fluctuations of 
pairing interaction or other types of microscopic inhomogeneities. As noted above we assume 
Gaussian statistics of these fluctuations, though real situation close to the mobility edge may 
be more complicated^. Given the distribution of t(r), the free energy of the system and the 
order — parameter correlator are equal to: 

J^{t{r)} = -TlnZ, Z = J D{A,A}exp[-F{A{r),A{r)}/T] (5.23) 



< A(r)A(r') >= Z'^ J D{A, A}A(r)A(r')ea;p[-F{A(r), A(r)}/T] (5.24) 

and must be averaged over the Gaussian distribution of t{r). From our definition of t{r) and 
using the approach of the previous section, assuming the short — range of fluctuations of local 
density of states(on the scale of ^), it is easy to estimate the correlator of t(r) as: 



< t(r)t(r') >=75(r-r'), 1 ^ r^^^^ 
Then the probability of a configuration with a given t{r) is given by 



P{t(r)} = exp 



(5.25) 



(5.26) 



The problem reduces thus to calculation of the functions jF{if:(r)} and < A(r)A(r') > and 
their subsequent averaging over P{t(r)}. 

We shall limit ourselves to consideration of noninteracting drops and no vortices. Then 
we can consider the phase of the order — parameter A(r) as nonsingular. After the gauge 
transformation 



A(r) ^ A(r) + {ch / 2e)V (p(r) 
A(r) /S.{v)exp[—i(l)(r)] 



(5.27) 



where 0(r) is the phase of the order parameter we can use real A(r) and Ginzburg — Landau 
functional of Eq. (|5.22| ) becomes: 



F{A(r),A(r)} = jdv\^^ + N{E, 



2c2 



(r + t(r))A2(r) + 



4e^ 



+e^(VA(r))^ + -AA^(r) 



(5.28) 



Integration over phase in Eq. ( |5.23| ) gives an inessential constant factor to the partition 
function which we disregard. 

To average the logarithm of the partition function Eq. (|5.23D over t(r) we can use the 
replica trickMj which permits the averaging to be carried out in explicit form. We express 
the average free energy Eq. (|5.23|) of the system in the form: 



< jr >= _T hm -[< > -1] 

n^O n 



(5.29) 
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To calculate < > in accordance with the idea of the replica method, we first assume n 
to be an arbitrary integer. Expressing in terms of an n — fold functional integral over the 
fields of the replicas Aq,, Aa(r), a = 1, ...,n and carrying out exact Gaussian averaging over 
t{r), we get 

< Z" >= J D{A, A}exp[-Sn{Aa, A^}] (5.30) 



S { Aq, Aq} 



StvT 



N{Ef) 
T 



E 



rAJrr + ^Alir)Alir) + 



+e{VA^{r)r + -XAUr) 



1 N{Ef) . 

2 T ^ 



.a=l 



The last expression here represents the "effective action" and 7 = 'jN{Ef)/Tc ~ 

1 /2 

N{Ep)/T(. grows with disorder . Note that the random quantities t(r) have already 
dropped out of these expressions, and that the action SIAq, Aq} is translationally invari- 
ant. For the correlator of Eq. ( ^.24 ) we obtain: 



1 r " 
< A(r) A(r') >= lim^ - / D{A, A}exp[-Sn{A^, Aq}] A^{v)A^{v') (5.31) 

where we have symmetrized over the replica indices. 

Far from the region of strong fluctuations of the order parameter |r| ^ To,Tg the func- 
tional integrals in Eq. ( 5.30| ) and Eq. ( 5.24 ) can be calculated by the saddle — point method. 
The extrema of the action are determined by classical equations: 



AA 



7E 



A?(r) 



AQ(r) = 



A, 



(5.32) 



The nontrivial conclusion is that these equations for AQ(r) besides spatially homogeneous 
solutions do have localized solutions with finite action (instantons) . These correspond at 
r > to superconducting drops. We shall limit ourselves to a picture of noninteracting drops 
and consider only instanton solutions above (at r > 0). We shall be interested only in 
those solutions that admit analytic continuation as n — 0. We designate them AW(r), where 
the superscript i labels the type of solution. To find their contribution we must expand the 
action of Eq. (|5.30|) up to the terms quadratic in deviations 'fa{'^) = AQ(r) — AW(r). It can 
be shown that fluctuations of the fields AQ(r) can be neglected if we consider noninteracting 



For r > and for 7 > A Eq. ( p. 32] ) possess (besides the trivial solution Aq = 0) the 



following nontrivial solution with finite action (instanton) (Cf. Refs.L^'lii'3): 



A«(r) 
Ao(r) 



A_oir)6, 



l,...,n 

e(T) = 



(5.33) 



where the dimensionless function x{^) satisfies the condition dx{x)/dx\x=o = and its 
asymptotic form: x{^) ~ x~^exp{—x) for a; ^ 1 (for spatial dimension d = 3). The qualita- 
tive form of this solution is shown in Fig. |19 
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From Eq. ( |5.33|) it is seen that instantons are oriented along axes of replica space (there 
are n types of instanton solutions) which is due to the "cubic anisotropy" term AA^ in the 
effective action of Eq. ( p.30| ). Index i characterizes the direction in replica space along which 
the symmetry breaking takes place. For A — >^ the action becomes 0{n) — symmetric and 
instantons take the form : 



A„(r) = Ao(r)e<„ E = 1 (5.34) 



i.e. are oriented along arbitrary unit vector e in replica space. Such instantons earlier were 
studied in the theory of localization 
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The quadratic expansion of the effective action near instanton solution takes the form 
(Cf. analogous treatment in Refs.0'li^3i): 

5{AJ = 5{A«} + \j dvY.{Vc.M%Vp) (5.35) 
where the operator M^*j on instanton solutions is equal to: 



with 



M% = [Ml5^, + Mt(1 - 5o.,)]5^p (5.36) 



M,,T = ^^^KV^ + TU,.r{^)] (5.37) 



where 



t/i(r) = l-3x2[r/e(T)] 

[/T(r) = !-(!- A/7)- V[r/e(T)] 



(5.38) 



The value of Gaussian functional integral is determined by the spectra of eigenstates of 



operators and My • Detailed analysis can be found in Refs.l tF I. The qualitative form 



of these spectra is shown in Fig. Operator Ml always possess an eigenvalue = — the 
so called translation zero — mode, connected with translation symmetry: instanton center 
may be placed anywhere in space, the action does not change . However, this is not a lowest 
eigenvalue of M^, there is always a negative eigenvalue Eq < Si = (). \t can be shown 
rigorously that it is the on ly nega tive eigenstate of M^ll^. Operator possess also a single 
negative eigenvalue < P#^i , however this eigenvalue tends to zero for A — > becoming 
the "rotation" zero — mode, reflecting the arbi trary "direction" of instanton in replica space 



in the absence of cubic anisotropy in the actiont53'E^Q. For A = A* = 2/37 we have Ml = Mt 
and the spectra of both operators coincide. 

Including the contributions of instantons oriented along all the axes in replica space 
we obtain the following one — instanton contribution to the partition function entering Eq. 
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T . d/2 

< >= nfi ( [Det'MLrHDetMT]^exp{-Soir)} (5.39) 



.271 

where fl is the system volume 
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1 f (dAoV T Sojr) 
and the action at the instanton is given by: 

where A ~ 37.8 is a numerical constantE22l. The prime on DetM^ means that we must exclude 
the zero — eigenvalue = from the product of eigenvalues determining this determinant. 
The condition of applicability of the saddle — point approximation looks like So{t) 3> 1, 
and in fact all our analysis is valid outside the critical regions both for thermodynamic and 
statistical fluctuations. 

In the limit of n — the total cancellation of imaginary contributions appearing due to 
negative eigenvalues takes place in Eq. ( |5.39| ) and using Eq. ( [5.29| ) we get for 7 > 3/2 A the 
following real contribution to the free energy: 

J^=-p^{T)Tn (5.42) 

where the density of superconducting "drops" 



Ps{r) 



T 



47tN{Ef 



3/2 



-3 



exp{-So{T)} (5.43) 



Thus for 7 > 3/2 A even for T > T^. the superconducting "drops" (instantons) appear in the 
system which directly contribute to the equilibrium free energy. This contribution given by 
Eqs. (|5.42| ) — ( ^.43|) exists along the usual thermodynamic fluctuations. The condition of 
7 > 3/2A defines critical disorder td > > tq, and this inhomogeneous picture of super- 
conducting transition appears only for the case of sufficiently strong statistical fiuctuations. 
The knowledge of qualitative structure of spectra of eigenvalues of Ml and Mt allows to 
analyze different asymptotics of Eq. ( |5.42| )E£3'll^. For 'jSq{t) ^ A ^ A* we get: 

Ps(r) ^ r%T) (^] ' sT{Tyxv\-S,{T)\ (5.44) 



For A ^ A* we obtain: 



.7. 



Ps{r) ^ i-\T) \j- - IJ S'r{r)exv\-S,{T)\ (5.45) 

Thus the density of superconducting "drops" Ps(t) vanishes as A — > A*, they are destroyed 
by thermodynamic fiuctuations. 

For the order — parameter correlator of Eq. ( |5.24| ) we get the following result: 

< A(r)A(r') >^ p,(r) ^ c?RoAo(r + Ro)Ao(r' + Ro) (5.46) 

The integration over instanton center Rq here means in fact averaging over different positions 
of "drops". Note that over large distances this correlator decreases like ea;p[— |r — r'|/,^(T)] 
and does not contain the usual Ornstein — Zernike factor |r — r'h^. 
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We have found the free — energy of inhomogeneous superconducting state in the temper- 
ature region t ^ T£,, where the "drop" concentration is exponentially small and the picture 
of noninteracting "drops" is valid. They give exponentially small contribution to the specific 
heat and diamagnetic susceptibility. The characteristic size of "drops" is determined by ^ (T) 
and as T ^ Tc the "drops" grow and begin to overlap leading to a percolative superconduct- 
ing transition. Thus for td > > tq superconductivity first appears in isolated "drops". 
This is similar to the picture of decay of a metastable state in case of the first — order phase 



transitionsllHll. However, in this latter case instantons give imaginary contribution to the free 
energy determining the decay rate of a "false" equilibrium state (critical bubble formation). 
Here instanton contributions lead as was noted above to real free energy and "drops" appear 
in the true equilibrium state. 

It is more or less obvious that between isolated "drops" a kind of Josephson coupling may 
appear and lead to rather complicated phase diagram of the system in external magnetic 
field, e.g. including the "superconducting glass" phaseliH^li^^. The existence of inhomogeneous 
regime of superconductivity will obviously lead to the rounding of BCS — like singularities 
of the density of states and superconductivity may become gapless. Note that diffusion — 

essness of strongly disordered su- 
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Fluctuation conductivity in a 



enhanced Coulomb interactions can also lead to the gap 
perconductors via Coulomb — induced inelastic scatterings 
similar inhomogeneous superconducting state was studied in Ref.E23. Note the closely related 
problem of strongly disordered superfiuidsli2^Ji2Zl. Some results here may be quite useful for 
the case of strongly disordered superconductors, though the limitations of this analogy are 
also important. 

A major unsolved problem here is the possible influence of statistical fluctuations of 
gradient term coefficient in Ginzburg — Landau expansion which has been neglected above, 
or the equivalent problem (Cf. Eq. ( p3.96D ) for superconducting electron density n^. This 



problem was briefly considered for the case of weak disorder in Ref.l---I. It was shown that: 

< (Snjn^y >~ (eop|0~' ~ 4r, (5-47) 

9(0 

where g{C,) = cr^ is the conductunce of metallic sample with the size of the order of su- 
perconducting coherence length ^ = a/^. Extrapolating this estimate up to the Anderson 
transition using ^ = {^o/ppY^^ we get: 



e 



4 



a 



Obviously we get < {Sng/ngY >> 1 for a < a* so that statistical fluctuations of Ug become 
important close to the Anderson transition in the same region we have discussed above. 
This further complicates the picture of superconducting transition and can also be very 
important for the pos sible anomalous behavior of Hc2 which was recently studied on the 



similar lines in Ref.l---I. Some qualitative conjectures for the case of < {6ns/ns) >> 1 were 



formulated in Ref.E2j, where it was argued that in this case there will occur regions in the 
sample with locally negative values of superfluid density. This is equivalent to a negative sign 
of a Josephson coupling betweenthe "drops" . In this sense, the disordered superconductor is 
unlike a Bose liquid. This leads to an important prediction that in a small superconducting 
ring, if there is a segment with negative n^, the ground state of the ring will spontaneously 
break the time — reversal invariance. The ground state will have nonzero supercurrent and 
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magnetic flux (or rather random, trapped fluxes in the ground state) and will be two — 
fold degenerate. At longer times the symmetry will be restored due to thermal activation 
of macroscopic quantum tunneling between the two states, but according to Ref.E22l it can 
be expected that for dirty metal rings with conductance of the order of /U there will be 
"roughly 50% chance that the ground state will break time — reversal symmetry". By the way 
this means that in th e pr esence of disorder there may be no way to distinguish between an 
anyon superconductoic21l and a conventional superconductor. Of course we must stress that 
these speculations are entirely based upon a simple extrapolation of Eg. ( |5.47D to the vicinity 
of metal — insulator transition and there is no complete theory of statistical fluctuations of 
gradient term in this region at the moment. 
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VI. SUPERCONDUCTIVITY IN STRONGLY DISORDERED METALS: 

EXPERIMENT 



Our review of experiments on strongly disordered superconductors will be in no sense 
exhaustive. This is mainly a theoretical review and the author is in no way an expert on 
experiment. However, we shall try to illustrate the situation with the interplay of Ander- 
son localization and superconductivity in bulk (three — dimensional) superconductors, both 
traditional and high — temperature. Again we must stress that we exclude any discussion of 
numerous data on thin films which are to be described by two — dimensional theories. In this 
case we just refer to existing review Ji^Hll. Here we shall confine ourselves to a limited number 
of the experiments , which we consider most interesting from the point of view of illustration 
of some of the ideas expressed above, just to convince the reader, that previous discussion, 
while purely theoretic, has something to do with the real life. More than anywhere else in 
this review our choice of material is based on personal interests of the author, or our direct 
involvement in the discussion of experiments. We shall not deal with the general problem of 
disorder influence upon superconductivity, but shall consider only the systems which remain 
superconducting close to the disorder — induced metal — insulator transition. 



A. Traditional Superconductors 

There exists a number of strongly disordered systems which remain superconducting close 
to the metal — insulator transition induced by disorder. 

The drop of Tc with conductivity decrease from the value of the order of 10'^Ohm~^cm~^ 
was observed in amorphous alloys of GeAl^, SiAiM and Mo/2e0, in Chevrel phase super 



conductors disordered by fast neutron irradiation, such as Pbi^xUxMoQSg^, SnMo^S^ 
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MorSc^^. in amorphous /nO^£2a, in BaPbi^^jJ3ixOs in the concentration interval 0.25 < 



X < 0.30lH23 and in metallic glass Zro.T/ro.sclll. In all of these systems superconducting 



transition is observed apparently not very far from the metal — insulator transition. For 
a number of these systems, such as Pbi^^UxMoeSs, SuMoqSs, Mo^Ses, Ztq-jItq^ and 



BaPbQ -j^BiQ 2'oO'f^ and some others a characteristic strongly negative temperature resis- 
tivity coefficient has been observed. Note, however, that this fact alone in no way indicates 
that a specimen is on one side or the other of the metal — insulator transition. The drop of 
Tc close to the mobility edge apparently was also observed in As2Te3iil. However, in all of 
these systems apparently vanishes before metal — insulator transition. Below we present 
some of the data on these and other similar systems. 

On Fig.^ we show the dependence of T^. and \dHc2l dT\T^ in SuMo^Sq (Chevrel phase 
superconductor) on the fiuence of fast neutron irradiation (the number of neutrons which 
passed through a crossection of a sample during irradiation)c23. In the region of large fiuences 
(large disorder), when the system becomes amorphous, characteristic values of conductivity 
in the normal state are of the order of ~ 10^ Ohm~^cm~^, which is not far from the values of 
"minimal metallic conductivity" o"c ~ 5 10^ Ohm~^cm~^, which define the conductivity scale 
of disorder induced metal — insulator transition. The negative temperature coefficient of resis- 
tivity was observed in this conductivity range. The experimental data on Tc decrease with the 
growth of resistivity in this system were rather well fitted in Ref.l^ using the n* dependence 
on resistivity given by Eq. (|3.62|) . A clear tendency for \dHc2/ dT\rp^ saturation with disorder 
is also observed. Analogous dependence of Tc and \dHc2/ dT\rp^ on the resistivity in the normal 
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state for Mo^Scii disordered by fast neutrons is shown in Fig.E2^. Here superconductiv- 



ity exists up to conductivities a ~ 250 Ohm~^cm~^ . Further disordering (irradiation) leads 
to the destruction of superconducting state and metal — insulator transition (an unlimited 
growth of resistivity with decrease of T, with variable — range hopping conductionlli is ob- 
served). The slope of the upper critical field \dHc2/ dT\T^ also has a tendency to saturate with 
the growth of resistivity. Standard interpretation of such behavior of \dHc2/dT\T^ was based 
upon the use of Gorkov's relation (Cf. first relation in Eq. ( |3.115D ) and lead to the conclu- 
sion of N{Ep) decrease under disordering. In fact, we have seen that no such conclusion can 
be reached for systems with conductivities a < 10^ O hm~ ^ cm' ^ , because such saturation 
behavior may be a natural manifestation of the approaching metal — insulator transition. 
Similar dependences were observed in other Chevrel phase superconductorsi^^'— 

In Fig.^ we show the dependence of conductivity and Tc on the parameter ppl/h in 
amorphous InO^ alloyisl. In Fig.|2^ from Ref JhiI the data on the temperature dependence of 
Hc2 in amorphous In/InO^ (bulk) films are presented for different degrees of disorder. We 
can see that in the low temperature region Hc2{T) deviates from the standard temperature 
dependence, but apparently confirm the qualitative form predicted above for systems which 
are close to Anderson transition. The same system was also studied in Ref.il^. In Fig.^ we 
show the dependence of two characteristic energies on disorder which in the opinion of the 
authors of Ref.ii§ demonstrate the narrow region of coexistense of superconductivity and in- 
sulating state. In Fig.|^ we show the dependencies of localization length and superconducting 
coherence length on disorder according to Ref.ii§. It demonstrates the qualitative agreement 
with our general criterion of coexistense of superconductivity and localization — localization 
length must be larger or at least of the order of the size of the Cooper pair. 

Very impressive are the data for amorphous Sii^^Aux alloyi^'^^. In Fig. 27^ the data 



on Tc and conductivity dependence on the gold concentration x are shown. In Fig.pS] Hc2{T) 
dependence for this system is shown for different alloy compositionsE^. From these data 
it is clearly seen that Tc vanishes before metal — insulator transition. The metal — insulator 
transition itself is continuous, conductivity vanishes linearly with the decrease of gold con- 
centration and the values of conductivity significantly less than the estimated "minimal 
metallic conductivity" are definitely observed. The system remains superconducting even 
for such low conductivity values. The slope of Hc2{T) at T = T^. is practically constant , 
despite the change of conductivity (disorder) in rather wide range. This behavior apparently 
cannot be explained only by the appearance of correlation pseudogap in the density of states 
observed in Ref.ii3, which becomes significant only very close to metal — insulator transition. 
Low temperature deviation from standard convex dependence on T is also clearly seen. In 
Fig.^ from Ref.il^ we show the temperature dependences of resistivity and superconduct- 
ing energy gap (determined by tunneling) of a sample with x = 0.21. It nicely demonstrates 
superconducting transition in the system which is very close to disorder induced metal — 



insulator transition. Note, that according to Ref.EiZl the superconducting energy gap in this 
sample is substantially broadened which may indicate the growth of statistical gap fluctua- 
tions due to the same fluctuations of the local density of states. These data are in obvious 
qualitative correspondence with the general theoretical picture described throughout this 
review. 

These data show that in systems which are superconducting close to the disorder induced 
metal — insulator (Anderson) transition decreases rather fast and practically in all reliable 
cases vanishes before the transition to insulating state. At the same time the temperature 
dependence of Hc2 is not described by the standard theory of "dirty" superconductors both 
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with respect to {dHc2/dT)T^ behavior and at low temperatures, where the upward deviations 
from the standard dependence are readily observed. This confirms most of our theoretical 
conclusions. 

Some indications of a possible superconducting state in the insulating phase of granular 
Al and Al — Ge were observed in Refs.S'ii^. Obviously, the granular systems are more or less 
outside the scope of our review. However, we should like to mention that the strong smearing 
of BCS — like density of states and the gapless regime of superconductivity was observed (via 
tunneling measurements) in Refs.EH3EHd, close to the metal — insulator transition in these 
systems. This may confirm our picture of statistical fluctuation smearing of the density of 
states. Note, that more recent work on granular aM^ apparently exclude the possibility of 
superconductivity in the insulating phase. In this work a small amount of Bi was added to 
granular Al in order to enhance spin-orbit scattering, which leads to antilocalization effectH. 
This shifts both metal — insulator and to the same extent the superconducting transition, 
with the preservation of a narrow range of concentration on the metallic side where the 
material is not fully superconducting. The fact that the superconducting transition shifts 
with metal — insulator transition demonstrates that its position is determined by the vicinity 
of the metal — insulator transition, and that it is the impending transition to the insulating 
state which inhibits superconductivity. Similar conclusions on superconductivity vanishing 



at the point of metal — insulator transition were reached for amorphous y4Za,Gei_a;EH3 and 
amorphous Ga — Ar mixture JhhI. This later case is particularly interesting because it has been 
shown that conductivity exponent at metal — insulator transition here is ~ 0.5 which places 
this system to a different universality class than those discussed above and similar to that 



observed in some doped uncompensated semiconductors like Si : pE±2l. Usual interpretation 
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of this difference is based upon the importance of interaction effects in these systems!: 
Starting with the value of of amorphous Ga {T^ = 7.6K), decreases rather slowly 
with decreasing Ga volume fraction f , until one enters the critical region near Vc ~ 0.145. 
Further approach to Vc leads to a rapid decrease of Tc. Taking McMillan formula Eq.( |3.25| ) 
for Tc (with uJiog/1.2Q = 320K and A = 0.45) and assuming negligible Coulomb repulsion 
H* for pure amorphous Ga the increase of fi* on the approach of metal — insulator transition 
can be determined from the experimental data for T^. This increase is approximately given 
by /i* ~ (f — fc)~°'^^. From this it is easy to see that ^ for i; ^ v^, so that these 
data does not indicate the survival of superconductivity beyond metal — insulator transition. 
These results are not surprising since we have seen the existence of strong mechanisms of Tc 
degradation close to disorder induced metal — insulator transition. 

The interesting new high-pressure metastable metallic phase of an amorphous alloy 
Cd^^Sb^f exhibiting the gradual metal — insulator transition during the slow decay at room 
temperature and atmospheric pressure has been studied in Refs.cHjcHZI. Authors claim that 
during this decay the system remains homogeneous while going from metallic to insulat- 
ing phase. At the same time the metallic phase is superconducting with Tc ~ 5K and re- 
mains such up to metal — insulator transition. Close to it superconducting transition becomes 
smeared, while incomplete transition persists even in the insulating state. While these data 



are reminiscent of data on quench-condensed films of Sn and GaEHa, which were interpreted 
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as reentrant superconductivity due to sample inhomogeneities, it is stressed in Refs. 
that in this new system situation is different and we are dealing with intrinsically inhomo- 
geneous superconductors state discussed in Refs. 000. From our point of view further 
studies of this system are necessary in order to show unambiguously the absence of struc- 
tural imhomogeneities. Also rather peculiar characteristic of this system is almost complete 
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independence of the onset temperature of superconducting transition on disorder. 

The general conclusion is that in most cases of traditional superconducting systems we 
can not find unambiguous demonstration of the possibility of superconductivity in insulating 
state induced by disorder. At the same we can see rather rich variety of data on supercon- 
ductivity close to metal — insulator transition which stimulate further studies. Some of the 
anomalies of superconducting behavior discussed above can be successfully explained by 
theories presented in this review, while the other require further theoretical investigations. 



B. High — Tc Superconductors 

Very soon after the discovery of high — temperature oxide superconductor£llli it was 
recognized that localization effects has an important role to play in these systems. There are 
many sources of disorder in these systems and the low level of conductivity indicate from the 
very beginning their closeness to Anderson transition. In the field where there are hundreds 
of papers published on the subject it is impossible to review or even to quote all of them. 
More or less complete impression of the status of high — Tc research can be obtained from 
Conference Proceedingg223. Here we shall concentrate almost only on papers which deal with 
disordering by fast neutron irradiation which we consider probably the "purest" method to 
introduce disorder into the system (allowing to neglect the complicated problems associated 
with chemical substitutions). Also historically it was apparently the earliest method used to 
study disorder effect in high — Tc superconductors in a controllable wayiS. 

There are several reasons for localization effects to be important in high — Tc oxides: 

• Two — Dimensionality. All the known high — Tc systems (with Tc > 30K) are strongly 
anisotropic or quasi-two-dimensional conductors. We have seen above that for such 
systems it is natural to expect the strong enhancement of localization effects due to the 
special role of spatial dimensionality d = 2: in purely two-dimensional case localization 
appears for infinitely small disorderi^flilfl. The inplane conductivity scale for metal — 
insulator transition in such systems as given by Eq. ( p. 121) or Eq. ( p.93|) is larger 



than in isotropic case. Reasonable estimates show that the values of inplane "minimal 
metallic conductivity" may exceed 10^Ohm~^cm~^. While due to continuous nature 
of Anderson transition there is no rigorous meaning of minimal metallic conductivity, 
these estimates actually define the scale of conductivity near the metal — insulator 
transition caused by disorder. Then it is clear that most of the real samples of high — 
Tc superconductors are quite close to Anderson transition and even the very slight 
disordering is sufficient to transform them into Anderson insulatorjll^. 

"Marginal" Fermi Liquid. During our discussion of interaction effects we have seen that 
there are serious reasons to believe that importance of localization effects in high — Tc 
oxides may be actually due to more fundamental reasons connected with anomalous 
electronic structure and interactions in these materials. The concept of "marginal" 
Fermi liquidlli leads to extreme sensitivity of such system to disordering and t he 
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appearance of localized states around the Fermi level at rather weak disorderEil^ 

On the other hand high — Tc systems are especially promising from the point of view of the 
search for superconductivity in the Anderson insulator: 

• High transition temperature Tc itself may guarantee the survival of superconductivity 
at relatively high disorder. 
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Due to small size of Cooper pairs in high — Tc systems in combination with high — Tc 
(large gap !) we can easily satisfy the main criterion for superconductivity in localized 
phase as given by Eq. ( |3.2CI| ). 

Being narrow band systems as most of the conducting oxides high — systems are 
promising due to low values of the Fermi energy Ep which leads to less effective 
degradation due to localization enhancement of Coulomb pseudopotential /i*. (Cf. Eq. 



(pTD). 



Anomalous transport properties of high — oxides are well knownc^. Experimentally 
there are two types of resistivity behavior of good single- crystals of these systems. In highly 
conducting ab plane of Y Ba2CuiO'j^s and other oxides resistivity of a high quality single- 
crystal always shows the notorious linear — T behavior (by "good" we mean the samples with 
resistivity pab < 10'^ Ohm cm). However, along orthogonal c direction the situation is rather 
curious: most samples produce semiconductor-like behavior ~ 1/T, though some relatively 
rare samples (apparently more pure) show metallic-like pc ^ T (with strong anisotropy 
Pc/ Pab ~ 10^ remaining) .c^Hlc^ Metallic behavior in c direction was apparently observed only 



in the best samples of YBa2Cu30i^s and almost in no other high — Tc oxide. In Fig.pO| taken 
from Ref.i2^ we show the temperature dependence of pc in a number of high — Tc systems. It is 
seen that pc{T) changes between metallic and semiconducting behavior depending on whether 
the resistivity is below or above the loffe — Regel limit defined for quasi-two-dimensional case 
by Eq. ( |2.12| ) . Rather strange is the absence of any obvious correlation between the behavior 



of Pc and Tc. 

This unusual behavior leads us to the idea that most of the samples of high — Tc systems 
which are studied in the experiment are actually already in localized phase due to internal 
disorder which is always present. Surely, we realize that such a drastic assumption contradicts 
the usual expectations and propose it just as an alternative view open for further discus- 
sion. The attempted justification of this idea may be based upon the quasi-two-dimensional 
nature of these systems or on marginal Fermi liquid effects. In this case a simple conjecture 
on the temperature behavior of resistivity of single-crystals can be made which qualitatively 
explains the observationJ^^lS. In case of localized states at the Fermi level and for finite 
temperatures it is important to compare localization length Rioc with diffusion length due 



to inelastic scattering ^ ^ Dr^p, where D is diffusion coefficient due to elastic scattering 
on disorder, while is phase coherence time determined by inelastic processes. For T > 
this length L^p effectively replaces the sample size L in all expressions of scaling theory of 
localization when L ^ L^^, because on distances larger than L^p all information on the na- 
ture of wave functions (e.g. whether they are localized or extended) is smeared out. Taking 
into account the usual low — temperature dependence like r^^, ~ T^^ (where p is some in- 
teger, depending on the mechanism of inelastic scattering) this can lead to a non — trivial 
temperature dependence of conductivity, in particular to a possibility of a negative temper- 
ature coefficient of resistivity^. Similar expressions determine the temperature dependence 
of conductivity also for the localized phase until < Rioc- In this case electrons do not 
"feel" being localized and conductivity at high enough T will show metallic like behavior. For 
localization to be important we must go to low enough temperatures, so that L^p becomes 
greater than Rioc- If disordered high — Tc superconductors are in fact Anderson insulators 
with very anisotropic localization length, i?"^^ ^ Ri^^ and both localization lengths diminish 
as disorder grows, L^p is also anisotropic and we can have three different types of temperature 
behavior of resistivit's*^^ 
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1. Low T or strong disorder, when we have 



L^" ^ ^D,,r^ » RZ LI ^ ^D,T^ » (6-1) 

This gives semiconductor-hke behavior for both directions. 
2. Medium T or medium disorder, when 

Lf < Rt LI > Rl, (6.2) 

and metaUic beliavior is observed in ab plane, while semiconducting temperature de- 
pendence of resistivity is observed along c axis. 



3. High T or low disorder, when 



< Rt Ll < Rl, (6.3) 



and metallic behavior is observed in both directions. 

Here we do not speculate on the inelastic scattering mechanisms leading to the concrete 
temperature behavior in high — T, oxides, in particular on linear T behavior in ab plane or 
1/T behavior in c direction. Unfortunately too little is known on these mechanismsE^ to be 
able to make quantitative estimates on the different types of behavior predicted above. Of 
course detailed studies of such mechanisms are necessary to prove the proposed idea and to 
explain the temperature dependence of resistivity in high-Tc systems on its basis. However, 
most of the experimental data as we shall see below at least do not contradict the idea of 
possibility of Anderson localization in disordered high — T, cuprates. 

Now let us consider the experiments on controllable disordering of high — temperature 
superconductors. Already the first experiments on low ter npe rature (T = 807^) fast neutron 



irradiation of ceramic samples of high — Tc systemsc23nHlil'^ has shown that the growth of 



structural disorder leads to a number of drastic changes in their physical properties: 

• continuous metal — insulator transition at very slight disordering, 

• rapid degradation of Tc, 

• apparent coexistence of hopping conductivity and superconductivity at intermediate 
disorder, 

• approximate independence of the slope of Hc2 at T ~ Tc on the degree of disorder, 

• anomalous exponential growth of resistivity with defect concentration. 



These anomalies were later confirmed on single-crystals and epitaxial filmaH13'BlJlHl3, and 
were interpretedEl^lH using the ideas of possible coexistence of Anderson localization and 
superconductivity. 



In Fig.^ we show dataEI3 on the dependence of the superconducting transition tempera- 
ture and resistivity (at T = lOOi^, i.e. just before superconducting transition) on fast neutron 
fluence for Y Ba2Cu2,OQ,g^. In all high — T, compounds introduction of defects leads to strong 
broadening of superconducting transition. The derivative {dHc2/dT)T^ in ceramic samples 
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measured at the midpoint of the suDerconducting transition does not change as piooK grows 



by an order magnitude. In Fig. 32!^ we show the temperature dependence of resistivity for 
samples of YBa2Cu30Q,g5 and Lai^s^SrQ iyCuO^ for different degrees of disorder. In all these 
materials the p{T) curves vary in the same way. In the fluence range $ > lO^^cm"^, where 
superconductivity is absent, p{T) follows a dependence which is characteristic of conductivity 
via localized stated!: 

p{T) = poexp{Q/T'/') Q = 2.1[N{Ep)RU-'^' (6.4) 

as shown in Fig.^. (Mott's variable-range hopping conduction). 

The most striking anomaly of resistivity behavior of all high — Tc systems under disor- 
dering is nonlinear, practically exponential growth of resistivity at fixed temperature (e.g. 
p(T = lOOK)) with fluence, starting from the low fluences $ < 7 lO^^cm"^, including su- 
perconducting sample^H^'SiiUHil. These data are shown in Fig.^4^ for the dependence of 



p{T = 80K) on $ obtained from measurements made directly during the process of irradi- 
ation. For comparison the similar data for SnMo^Ss are shown which do not demonstrate 
such an anomalous behavior, its resistivity is just proportional to $ and saturates at large 
fluences. We relate this exponential growth of p with the increase of $ (i.e. of defect con- 
centration) in all high — Tc systems to localization, which already appears for very small 
degrees of disorder in samples with high values of Tc. As we have seen in samples with 
much reduced or vanishing Tc localization is observed directly via Mott's hopping in the 
temperature behavior of resistivity given by Eq. ( |6.4| ). 

From these results it follows that the electronic system of high — Tc superconductors is 
very close to the Anderson transition. The observed variation of p as a function both of 
fluence and of temperature can be described by the following empirical formula^: 

p(T, $) = (a + cT)exp(6$/T^/^) (6.5) 



Identifying the exponential factors in Eq. (]6l4 ) and Eq. ( |6.5D it is possible to obtain a fluence 



dependence of localization length (Cf. Ref 



17C 



and below). 



Detailed neutron diffraction studies of structural changes in irradiated samples were also 



performed^li^^. These investigations has shown definitely that there are no oxygen loss 



in YBa2Cu30Q,g5 during low temperature irradiation. Only some partial rearrangement of 
oxygens between positions 0(4) and 0(5) in the elementary cell occur as radiation- induced 
defects are introduced. In addition, in all high — Tc compounds the Debye — Waller factors 
grow and the lattice parameters a, 6, c increase slightlyll^li^. The growth of Debye— Waller 
factors reflect significant atomic shifts, both static and dynamic, from their regular positions, 
which induce a random potential. This disorder is pretty small from the structural point of 
view, the lattice is only slightly distorted. However, we have seen that this small disorder is 
sufficient to induce metal — insulator transition and complete degradation of superconduc- 
tivity. The absence of oxygen loss implies that there is no significant change in concentration 
of carriers and we have really disorder — induced metal — insulator transition. This is also 
confirmed by other methods@@. In Fig.R3] we show the data^S on temperature de- 



pendence of the Hall concentration of ceramic samples of irradiated and oxygen deficient 
YBa2Cu30Y_s- It is seen that disordering weakens the anomalous temperature dependence 
of Hall effect, but Hall concentration uh at low T practically does not change in striking 
difference with data on oxygen deficient samples, where uh drops several times. This also 
confirms the picture of disorder — induced metal — insulator transition in radiation disorder- 
ing experiments. Similar Hall data were obtained on epitaxial films0 and single-crystalsi^. 
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Qualitatively same resistivity behavior was also obtained in the experiments on ra- 
diation disordering of single-crystals^lHl^ and epitaxial filmjHli. Electrical resistivities of 



Y Ba2Cu^0T_s single crystals were measured at T = directly during irradiation by fast 
neutrons. The data are shown in Fig.^ We can see that pab increases exponentially with $ 
(defect concentration) starting from the smallest doses, while pc grows slower and only for 
$ > lO^^cm"^ they grow with the same rate. At large fluences both pab and pc demonstrateili 
Mott's hopping Inpab.c ~ T~^/^. Similar data of Ref.0 show Inp ~ T~^/^ characteristic of 
Coulomb gap. We do not know the reasons for this discrepancy between single-crystalline 
and epitaxial films data (note that another method of disordering by IMeV A^e"*" ions was 
used in Ref.@). Anisotropy pd Pab at T = 80A' drops rapidly (to the values ~ 30 for 
$ = lO^^cm"^) and then practically does not change and "residual" anisotropy of the order 
of its room — temperature value in initial samples remains. This means that temperature 
dependence of anisotropy weakens in the disordered samples. Note, that unfortunately only 
the single-crystals with "semiconducting" temperature dependence of resistivity along c axis 
were investigated up to now. 

The upper critical fields of Y Ba2Cu^0-j-s single-crystals (determined from standard re- 
sistivity measurements) for different degrees of disorder are shown in Fig.^^Hl^. Temperature 
dependence of ifc2 in disordered samples is essentially nonlinear, especially for samples with 
low Tf.. The estimated from high-field regions temperature derivative of if^ (field along the c 
axis) increases with disorder. However, similar derivative of (field along ah plane) drops 
in the beginning and then does not change. Anisotropy of H(.2 decreases with disorder and in 
samples with ~ IQK the ratio of {HI2)' / {H:^' is close to unity. According to Eq. ( p. 118 ) 
this means the complete isotropisation of the Cooper pairs. This is illustrated by Fig.^ — . 
The remaining anisotropy of resistivity may be connected with some kind of planar defects 
in the system. 

In a recent paperii^ Osofsky et al. presented the unique data on the temperature depen- 
dence of the upper critical field of high-temperature superconductor Bi2Sr2CuOy in wide 
temperature interval from ~ \9K to T ^ O.OOSTc, which has shown rather anomalous 
dependence with positive curvature at any temperature. The authors of RefH ha. noted 
that this type of behavior is difficult to explain within any known theory. It is sharply 
different from the standard behavior of BCS-model. It was demonstrated in Refs.i5l@ that 
the observed dependence of Hc2{T) can be satisfactorily explained by localization effects in 
two-dimensional (quasi-two-dimensional) model in the limit of sufficiently strong disorder. 



Measurements of Hc2 in Ref.E^ were performed on epitaxially grown films of Bi2Sr2CuOy, 
however it is quite possible that the films were still disordered enough, which can be guessed 
from rather wide (~ 7K) superconducting transition. Unfortunately the relevant data, in 
particular on the value of conductivity of the films studied are absent. This gives us some 
grounds to try to interpret the data obtained in Ref.i^ in the framework of rather strong 
disorder the effects of which are obviously enhanced by the quasi-two-dimensional nature of 
high-temperature superconductors. 

The general discussion of the temperature dependence of the upper critical field in two- 
dimensional and quasi-two-dimensional case with strong localization effects was presented 
above in Section III.C.l. Note that we mainly analyzed there the case of magnetic field 
perpendicular to the highly conducting planes, which is precisely the case of Ref.^^. We 
have see n§ that the anomalies of the upper critical field due to the frequency dependence 
of diffusion coefficient appear only for temperatures T <^ ^^r—- For higher temperatures 
we obtained the usual behavior of "dirty" superconductors. Also we have noted0 that 
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superconductivity survives in a system with finite localization length if ^ A^^^, which 
is equivalent to our criteria of the smallness of Cooper pair size compared with localization 
length. This latter length is exponentially large in two- dimensional systems with small 
disorder (A -C 1). The most interesting (for our aims) limit of relatively strong disorder is 
defined by Tc ^ so that in fact we are dealing with pretty narrow region of A's when 

A^^ < Tc < In this case we have seen that the upper critical field is practically 



defined by Eq. (|37[iT| ) 



(7 = 1.781) from which we can directly obtain the T{Hc2) — dependence. The appropriate 
behavior of the upper critical field for two sets of parameters is shown in Fig.^ The curve of 
Hc2(T) demonstrates positive curvature and Hc2 diverges for T — 0. We have seen that this 
weak (logarithmic) divergence is connected with our neglect of the magnetic field influence 
upon diffusion. Taking this influence into account we can suppress this divergence of Hc2 as 
T —>■ 0. This is the main effect of broken time invariance and it is clear that it is important 
only for extremely low temperatures". In the following we neglect it. For the quasi-two- 
dimensional case on the dielectric side of Anderson's transition, but not too very close to it, 
the behavior of diffusion coefficient is quite close to that of purely two-dimensional case, so 
that the upper critical field can be analyzed within two-dimensional approach. Close to the 
transition (e.g. over interplane transfer integral) both for metallic and insulating sides and 
for parameters satisfying the inequality X^—^ ^ T^, ^ ^-7—, the temperature dependence 
of Hc2 is in fact again very close to those in purely two-dimensional case considered abovellll. 
Some deviations appear only in a very narrow region of very low temperature^^. 

In Fig.pQlwe also show the experimental data for Hc2 from Ref.0. Theoretical curve (1) 



is given for the parameters which lead to rather good agreement with experiment in the low 
temperature region. The curve (2) corresponds to parameters giving good agreement in a 
wide temperature region except the lowest temperatures. The cyclotron mass m was always 
assumed to be equal that of the free electron. In general we observe satisfactory agreement 
between theory and experiment. Unfortunately, the values of the ratio for the second 
curve, while corresponding to quite reasonable values of A, lead to nonrealistic (too small) 
values of TcT, which are rather doubtful for the system with relatively high Tc. For the first 
curve situation is much better though the electron damping on the scale of Tc is still very 
large which corresponds to strong disorder. Note however, that the detailed discussion of 
these parameters is actually impossible without the knowledge of additional characteristics 
of the films studied in Ref.E^. In particular it is quite interesting to have an independent 
estimate of A. We also want to stress relatively approximate nature of these parameters due 
to our two- dimensional idealization. More serious comparison should be done using the 
expressions of Ref .0 for the quasi-two-dimensional case, which again requires the additional 
information on the system, in particular, the data on the anisotropy of electronic properties. 

In our opinion the relatively good agreement of experimental data of Ref.§^ with theoreti- 
cal dependences obtained for the two-dimensional (quasi-two- dimensional) case of disordered 
system with Anderson localization illustrates the importance of localization effects for the 
physics of high-temperature superconductors. However, we must note that the similar anoma- 
lies of the temperature dependence of the upper critical field were also observed in Ref.Hl 
for the single crystals of the overdoped Tl2Ba2CuOQ^s which authors claim to be extremely 
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clean, so that apparently no explanation based upon strong localization effects can be used. 
Similar data were recently obtained for thin films of underdoped YBa2{Cuo,QTZnQ Q3)30j_s 
with pretty low transition temperatureslMI. These films again seem to be disordered enough 
to call localization effects as a possible explanation of unusual positive curvature of Hc2(T) 
dependence for all temperatures. 

Under irradiation localized moment contribution appears in the magnetic susceptibility 
of high — Tc oxidesi^Jil^. In the temperature range from Tc to 300K x{T) is satisfactorily 
described by Curie — Weiss type dependence: xiT) = Xo + C/{T — Q). The value of Xo and 
the Curie constant C as a function of fiuence $ are given in Fig.^. The value of C is 
proportional to fiuence. Note that the threefold larger slope of C($) in YBa2Cu30Q,Q5 as 
compared with Lai,s3Sro,nCu04^ is an evidence that this Curie-law temperature dependence 
is associated with localized moments forming on Cu (there are three times more coppers in 
the elementary cell of Y compound than in La compound). 

The data presented above show that electronic properties of high — -T^_ sys tems are quite 
different under disordering from that of traditional superconductor: 



or even some 



closely related metallic oxidegHia-E^. We associate these anomalies with the closeness of the 
Anderson transition and believe that real samples of high — Tc systems which always possess 
some noticeable disorder may well be already in the state of the Anderson insulator. How- 
ever, we must stress that it is quite difficult to decide from the experiments described above 
the precise position of the Anderson transition on disorder scale. Some additional informa- 
tion on this problem may be obtained from experiments on NMR relaxation in disordered 
state, using the app roach proposed rather long ago by Warren^l^ and later quantified theo- 
retically in Refs.E^'c53. The study of NMR relaxation rate on ^^Y nuclei in radiationallv dis- 
ordered YBa2Cu30Q,g5 (which opposite to Cu nuclei demonstrate Korringa behavior 



has shown the anomalies (a maximum in the so called Warren's enhancement factor) which 
according to Ref.i^ may indicate the Anderson transition somewhere in the fiuence interval 
$ = (1 — 2)10^^cm~^. Unfortunately the number of samples in these experiments was too lim- 
ited to place the transition point more precisely, while superconductivity disappears exactly 
in this interval. In this sense we still have no direct proof of coexistence of superconductivity 
and localization in disordered high — oxides. However the method used in Refs.l^^li^ll seems 
to be very promising. Note that Knight shift data of Refs.Si^ strongly indicate Coulomb 
gap opening at the Fermi level of strongly disordered oxides. Independently this conclusion 
was reached in tunneling experiments of Ref.i^ on a number of oxides disordered by doping. 

Using the experimental data on electrical resistivity of disordered samples of 
YBa2Cu2,OQ,Q5 and the relations given by Eq. ( |6.4| ) and Eq. ( |6.5|) (assuming that expo- 
nentials there are identical) we can calculate the change of localization length Rioc as a 
function of fiuencellI2ln3cill. This dependence is shown on Fig.^ along with fiuence depen- 
dence of Tc. It is clearly seen that superconductivity is destroyed when localization length 
Rioc becomes smaller than ~ 30A, i.e. it becomes of the order or smaller than a typical size of 
the Cooper pair in this system (Cf. Fig.^) in complete accordance with our basic criterion 
of Eq. ( |3.20 ). We can estimate the minimal value of Rioc for which superconductivity can 
still exist in a system of localized electrons via Eq. (|3.2CI| )El§ taking the free-electron value 
of N{Ef) ^ 5 10^^{ergcm^)~^ (for carrier concentration of ~ 6 lO^^cm"^) and the gap value 



A ~ 5Tc, corresponding to very strong couplingEHI. We obtain the result shown in Fig.|41|. In 
any case we can see that criterion of Eq. ( |3.2CI| ) ceases to be fulfilled for $ ~ (5 — 7)10^^cm~^ 
in remarkably good agreement with the experiment. 

In the absence of accepted pairing mechanism for high temperature superconductors it 
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is very difficult to speculate on the reasons for Tc degradation in these systems. If we as- 
sume that the main mechanism of T^. degradation is connected with the growth of Coulomb 
effects during disordering, as discussed above in this review, we can try to use appropriate 
expressions to describe the experimental data. Assuming superconductivity in the localized 
phase we can use Eq. ( p.68| ), estimating Rioc as above from empirical relation Eq. ( |6.5D and 
Eq. (|6.4|) (or directly expressing the parameters entering Eq. ( p.68|) via experimental depen- 
dence of resistivity on fluence as described by Eq. ( |6.5| )El^). The results of such a fit (with 
the assumption of ~ 1) are also shown in Fig.^. The agreement is also rather satisfactory, 
the more rapid degradation of T^. for small degrees of disorder can be related to additional 
contributions to Coulomb repulsion within Cooper pairs neglected in the derivation of Eq. 
( p.68| ) . Surely we do not claim that this is a real explanation of Tc degradation in disordered 
high temperature superconductors. However, note its relation to localized moment formation 
under disordering which leads to the usual Abrikosov-Gorkov mechanism of depairine due 
to spin- flip scattering on magnetic impurities. According to Mottli^ (Cf. also Refs.li^l3) the 
appearance of localized moments may be related to the presence of localized states (single 
occupied states below the Fermi level as briefly discussed above). We can then estimate the 
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value of the effective magnetic moment (in Bohr magnetons) in unit cell asl 

t^RTol^O = Ptheor (6-7) 

where Qo is the volume of a unit cell. For large degrees of disorder ($ = 2 lO^^cm"^) 
and Rioc ~ 8A with fi ^ 1 we obtain pfh^^r = 0-66 for YBa2Cu30Q,g5 in full agreement with 
experiment. However, for smaller fiuences ptheor is considerably smaller than the experimental 
value. Note, though , that the estimate of Eq. ( |6.7| ) is valid only for small enough values 
of Rioc, i-e. when the Fermi level is well inside the localized region. On the other hand, 
the accuracy with which the Curie constant is determined in weakly disordered samples is 
considerably less than in strongly disordered case. Of course, the other mechanisms of local 
moment formation, which were discussed above and can become operational even before the 
metal — insulator transition can be important here. 

Of course a plenty of works on localization effects in high-Tc oxides are being done using 
disorder induced by different types of chemical substitutions in these systems. Of these we 
shall rather arbitrarily quote Refs.i5HH53, which demonstrate the data quite similar, though 



not necessarily identical, to those described above on different types of systems and obtained 
by different experimental methods. We note that the effects of chemical chemical disorder are 
always complicated by the inevitable changes of carrier concentration due to doping effects. 
Still all these data indicate that superconductivity in high-Tc systems is realized close to 
disorder induced metal — insulator transition, so that these systems provide us with plenty 
of possibilities to study experimentally the gener al p roblems discussed in our review. More 
details can be found in the extensive review paper 
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Special attention should be payed to a recent study of angle resolved photoemission 
in Co doped single-crystals of Bi2Sr2CaCu208+^^. Doping Bi2Sr2CaCu20s+y with Co 
causes superconducting- insulator transition, Co doping decreases Tc and causes increase 
in residual resistivity. The changes in temperature behavior of resistivity from metallic to 
insulating like correlate with the disappearance of the dispersing band-like states in angle- 
resolved photoemission. Authors believe that Anderson localization caused by the impurity 
potential of the doped Co atoms provides a consistent explanation of all experimental features 
and Tc reduction is not caused by magnetic impurity pairbreaking effects but by spatial 
localization of carriers with superconducting ground state being formed out of spatially 



95 



localized carriers. Similar data were also obtained for some exceptional (apparently strongly 



disordered) samples of undoped Bi2Sr2CaCu20^+.^^. Of course it will be very interesting 
to make similar type of experiments on neutron irradiated samples where we are dealing 
with pure disorder. 

Finally we must stress that in our opinion these data on rather strongly disordered sam- 
ples of high-temperature superconductors more or less definitely exclude the possibility of 
d-wave pairing in these systems. As is well known (and also can be deduced from our 
discussion in Appendix C) (i-wave pairing is much more sensitive to disordering and is com- 
pletely suppressed roughly speaking at the disorders measured by the energy scale 1/r ~ Tco, 
which is at least an order of magnitude smaller than the disorder necessary to induce the 
metal-insulator transition which can be estimated as 1/r ~ Ep- This apparently excludes 
the possibility to observe any manifestations of localization effects in d-wave superconduc- 
tors, though these are clearly observed in high- Tc systems. Of course, these qualitative 
conclusions deserve further studies within the specific models of microscopic mechanisms of 
high-temperature superconductivity. 

We shall limit ourselves to this discussion of localization effects in high temperature su- 
perconductors. Our conclusion is that these effects are extremely important in these systems 
and some of the anomalies can be successfully described by theoretical ideas formulated in 
this review. We must stress that much additional work is needed both theoretical and ex- 
perimental to clarify the general picture of disorder effects in high-T^ superconductors and 
we can expect that the future progress, especially with the quality of samples, may provide 
some new and exciting results. 
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VII. CONCLUSION 



We conclude our review trying to formulate the basic unsolved problems. From the theo- 
retical point of view probably the main problem is to formulate the theory of superconducting 
pairing in strongly disordered system along the lines of the general theory of interacting Fermi 
systems. This problem is obviously connected with the general theory of metal — insulator 
transition in such approach, which as we mentioned during our brief discussion above is rather 
far from its final form. Nevertheless, there were several attempts to analyze superconducting 



transition within this frameworkElJcZSIllj. In all cases, the authors limited themselves to 



certain universality classes within the general renormalization group approach of interaction 



theory of metal — insulator transition. Ref.EIll dealt only with two — dimensional problem, 
while Refs.0^HZill3 also considered the bulk case. These papers have demonstrated a large 
variety of possible behavior of superconductivity under disordering, from disorder — induced 
(triptet) ^.iperconductivityS to a complete destruction of it closBS or even long before 
the metal — insulator transition^. Our point of view is that at the moment it is rather diffi- 
cult to make any general conclusions from the results of these approaches. In particular, we 
do not beliewe that the present status of these theories is sufficient to prove or disprove the 
general possibility of superconductivity in Anderson insulators. However, it is obvious that 
further theoretical progress in the problem of behavior under disordering will be largely 
possible only within this general approach. In this sense our simplified discussion of Coulomb 
effects and other mechanisms of degradation in this review is only of qualitative nature. 
Still, more general approaches apparently do not change our qualitative conclusions. These 
problems become even more complicated if we address ourselves to the case of high temper- 
ature superconductors, where we do not know precisely the nature of pairing interaction in 
regular system. 

Concerning the semiphenomenological approach to the theory of superconductivity close 
to the Anderson transition we must stress the necessity of further investigation of the region 
of strong statistical fluctuations with the aim of more detailed study of their influence upon 
different physical properties, like e.g. the upper critical fleld, density of states, nuclear relax- 
ation etc. Obviously, all of them may be signiflcantly changed in comparison with predictions 
of what we called the statistical mean — fleld theory. Especially ir npo rtant are further studies 
of rather exotic predictions of random fluxes in the ground stateE29. 

Despite our explicit limitation to a discussion of superconductivity in bulk disordered 
superconductors we have to mention the extremely interesting problem of universal con- 
ductivity at the superconductor — insulator transition at T = in two-dimensional systems 
which attracted much attention recentlyill^^lBlli. It is argued that the transition between 
the insulating and superconducting phases of disordered two-dimensional system at zero 
temperature is of continuous quantum nature, but the system behaves like a normal metal 
right at the transition, i.e. the conductivity has a flnite, nonzero value. This value is uni- 
versal and, apparently, equal to(2e)Vh (with 2e being the Cooper pair charge). There is 
strong experimental evidence^'i^c^'El that a variety of systems (metallic fllms, high-T^ 
fllms, etc.) show the onset of superconductivity to occur when their sheet resistance falls 
below a value close to h/Ae^ ^ QAbkVL. The theoretical analysis here is based upon boson 
(Cooper pairs) approach to superconductivity and the main conclusion is that in contrast to 
the case of localization of fermions in two dimensions, bosons exhibit a superconductor to 
insulator transition (as disorder grows) with the value of conductivity at the critical point 
being independent of microscopic details. A major theoretical problem arises to describe a 
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crossover to such behavior e.g. in quasi — two — dimensional case of BCS superconductivity 
as interplane couphng goes to zero. 

So we are not short of theoretical problems in this important field of research. As to the 
experiments, certainly too much is still to be done for unambigous demonstration of exotic 
possibility of superconductivity of Anderson insulators. 
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APPENDIX A: SPECTRAL DENSITIES AND CRITERION FOR 

LOCALIZATION 



Convenient formalism to consider general properties of disordered system is based upon 
exact eigenstate representation for an electron in a random field created by disorder. These 
eigenstates 0i/(r) are formally defined by the Schroedinger equation: 

HMr) = £,0,(r) (Al) 

where H is one — particle Hamiltonian of disordered system under consideration, e^, are exact 
eigenvalues of electron energy in a random potential. Obviously 0;y(r) and e^, are dependent 
on locations of scatterers R„ for a given realization of random field. 
Let us define two — particle spectral densitiesiifl: 

« pE{r)pEUr') < E 0:(r)0.'(r)0:,(r')0.(r')5(i? - e,)5iE + cu - e,,) > 

(A2) 



« PE{r)pEU^') »^= ^ < E \M^)\'\<Pv'{r')\^{E - sME + u; - e,,) > (A3) 

where angular brackets denote averaging over disorder and 

NiE)=<Y.\Mr)\'5{E-e,)> (A4) 

is one — electron (average) density of states. Obviously Eq. (A3) is just a correlation func- 
tion of local densities of states in a disordered system. Spectral density given by Eq. (A2) 
determines electronic transport^. The following general properties are easily verified using 
the completeness and orthonormality of (j){r) functions: 

y" rfr < PEir)pE+Ur') >'^= 5{uj) j duj <^ ps(r)p£+^(r ) >^= 5{v - v) (A5) 
or for the Fourier — components: 

< PEpE+iV >q=0= ^(^^) J duj <^ PEPE+U >q= 1 (A6) 

and -C PePe+lu 0. From general definitions given in Eqs. (A2) and (A3) it is clear that: 

< PEir)pE+Ur) >^=< PEir)pE+Ur) >^ (A7) 

i.e. these spectral densities coincide for r = r'. 

Terms with Ei, = e^i are in general present in Eqs. (A2) and (A3). However, if these states 
are extended the appropriate wave — functions 0,y(r) are normalized on the total volume Vl 
of the system and these contributions to Eqs. (A2) and (A3) are proportional to to il"^ and 
vanish as f2 — cxd. Things change if states are localized. In this case states are normalized 
on finite volume of the order of ~ Rf^^. This leads to the appearance of 5{uj) — contribution 
to spectral densities: 



99 



« pe{v)pe+^{v') »^'^= Ae{v - r')5{Lo) + p^f {v - v'oj) (A8) 

or in momentum representation: 

< pEpE+u >J'^= AE{ci)5{uo) + p^'^(qcu) (A9) 

where the second terms are regular in uj. This singular behavior was proposed as a general 
criterion for localizationE^. It is easy to show that 

Mr - r') = ^ <Y.^[E- 5.)|0.(r)p|0.(r')P > (AlO) 

^^(r — r') represents the so called inverse participation ratio00. Roughly speaking its value 
at r = r' is inversely proportional to the number of atomic orbitals which effectively form 
quantum state z/. 

These 5{uj) — singularities in spectral densities signal nonergodic behavior of the system in 
localized state. This leads to a difference between so called adiabatic and isothermal response 
functionJi23S0. The intimate connection between localization and nonergodic behavior was 
already noted in the first paper by AndersonS. 

From general properties given by Eqs. (A5) and (A6) for q ^ in localization region we 
haveii: 

< PePe+u >J~ [1 - RW]K^) + ■■■ (All) 

where 

RL = / d'rr' < - e^)\Ur^)\'\4>M? > (A12) 

defines the localization length. Delocalization leads to smearing of S{uj) — singularity for finite 

Spectral densities of Eqs. (A2) and (A3) can be expressed via two — particle Green's 
functions0. Using nonaveraged retarded and advanced Green's functions: 

G^frr'S) = G^*(rr'E) = Y '^"^'"^'^'^^'''^ (A13) 
we immediately get from Eqs. (A2) and (A3): 

«p^(r)p^,(r') »^= 2n2N^Ef ^{< G^ij^' E')G\v'vE) >-< G^^\vv' E')G^^\v'rE) >} 

(A14) 

« p,,(r)p^,(r') »^= _J^i?e{< G\vvE')G\v'v' E) >-< G''^^{vvE')G''^\v'v' E) >} 

(A15) 
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In momentum representation Eq. (A14) is equivalent to: 

« PEPE+u »J= {^e\'^^) - '^'i'^M)} (A16) 

where 

$f («)(q^) = ^ < G«(p+p'+E + ^)G^(«)(p'_p_E) > (A17) 
pp' 

and p+_ = ptl/2q. It can be shownil'S that ^^^^^'^\ujci) are nonsingular for small u and 
q. Accordingly S{u!) — singularity signalling localization can appear only from the first term 
in Eq. (A16). 
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APPENDIX B: LINEARIZED GAP EQUATION IN DISORDERED SYSTEM 



Let us consider the derivation of linearized gap equation Eq. (|3.55D used to determine 



Tcll^Hl^. Equation for Gorkovs's anomalous Green's function in an inhomogeneous disordered 
system (before any averaging procedure) at T = takes the following form: 

(4 + el)F{rr'e^) = -T, V{rr'en - e^)F{rv'e^) (Bl) 

m 

where e„ = (2n + l)7rTc and V{vr'en — Sm) is an effective interelectron potential, is one — 
electron energy operator (energy zero is at the Fermi energy). Define 

A(rr') = -2e,cth^T, J2 F{vr'en) (B2) 

and assume the following relation between A(rr') and F(rr'£:„): 

Fivv'sn) = ^^TcE^(rr'£- " ^^m)^^Q(rr'£„)A(rr') (B3) 

£ + £ — £ + £ 

where Q is some unknown operator. Then after substitution of Eq. (B3) into Eq. (B2) we 
get a BCS — like equation for Tc- 

th^ 

A(rr') = -?7(rr')^^A(rr ) (B4) 
where the operator of "effective" interaction is defined by: 

f/(rr') = 2£,cth -^T, E ^(^r'^n - x 

X -^^^Q{vv'£^)2£,cth^ (B5) 

From Eqs. (Bl) — (B3) we obtain the following equation for Q (we drop rr' for brevity): 

Q{£n) = l-T,Y.V{£n-em) . ^ ., Q(gm) + 

£ + £ 

+2£cth (^] T,E -^^TeE ^(^n' - eJ-^^Q{eJ (B6) 

In case of weak coupling in the lowest order over interaction in Eq. (B6) we can leave only 
the first term Q{£n) = 1- Then Eq. (B5) reduces to 

U{rr') = 2£rcth (^] T^E T^^.E ^(rr'e„ - e„.)-^^2£rCth^ (B7) 

and Eq. (B4) completely determines T^. 

Using the usual definition of superconducting gap: 

A{rr'£n) =T,Y. V(rr'£„ - £^)F{vv'£^) = -(e^ + £?)F(rr'£„) (B8) 
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it is easy to get: 

A(rr'£„) = g(rr'£„)A(rr') (B9) 

so that A(rr') represents the energy gap in the absence of frequency dispersion, while Q 
describes the frequency dependence of the energy gap. 

Cooper pairing takes place in the states which are time — reversed, thus in the exact 
eigenstate representation of an electron in disordered system we have: 

A(rr') = EA-</'t(r')0.(r) (BIO) 



and Eq. (B4) gives 



1/1/' ^ c 



where the kernel 



U,,> = JdrJ f/r'0t(r)0:,(r')f/(rr')0.(r )0.(r) (B12) 



has the form of "Fock" matrix element of an effective interaction. From Eq. (B7) we have: 

TT — 7^2 '^^ly^u' \ - \ - 1 1 . 

^uu' - J-c +ue^+h^ 2^2^ 



fh-^fh^ ^ ^ p2 _|_ _c-2 p2 _|_ _c-2 



xjdrj rfr'0:(r)0:,(r')V^(rr'£„ - £„)0,(r')0.'(r) (B13) 

It is convenient to rewrite Eq. (Bll) introducing summation over states belonging to some 
surface of constant energy with subsequent integration over energies: 



A. = - / dE'^th— Y: mE')U,u'iE)A,'iE') (B14) 



where M{E) = Y.u KE - e^). 

Consider now averaging of the gap equation. Define 

HE) = ^ < E ^'^^(E - e,) > (B15) 

i.e. the gap averaged over disorder and a surface of constant energy E = e^. Here as usual 
we denote N{E) =< J\f{E) >. Suppose now that = A{e^) = A{E = e,y), i.e. that A^ 
depends only on energy E = e^,, but not on the quantum numbers u. This is similar to the 
usual assumption of A(p) depending only on |p| in a homogeneous and isotropic syste 



After the usual decoupling used e.g. in transforming Eq. (|3.12|) into Eq. (|3.13|) , i.e 



assuming the self — averaging of the gap, we obtain the following linearized gap equation 
determining Tc'. 

oo ^ 

A{E) = - J dE'K{E,E')^th—A{E') (B16) 
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where 



K{E,E' 



1 



N{E) 
2E 



<J2U..'5iE-s,)6iE' -e,>) >- 



th{E/2T,) el + E\ 
dr j dr'V{r — r'sn 



2E' 



X 



th{E'/2T,) sl + E'\ 
Sm) <^ PE{r)pE'ir') >^ 



(B17) 



where we have again introduced Gorkov — Berezinskii spectral density defined in Eq. (A2). 
Effective interaction can be written as: 



V{r - v'en - Em) = Vp{r - r'e„ - + V;(r - r'sn - em) (B18) 

i.e. as the sum of some kind of Boson — exchange attractive interaction Vp and Coulomb 
repulsion Vc, which leads to: 

K{E,E') = Kp{E,E') + K,{E,E') (B19) 

Assuming Vc{r — r'Sn — £m) = ^(r — ^'), i-G- static approximation for Coulomb repulsion, we 
obtain: 

K,{E, E') = j dv j dv'viv - v') < pe{v)pe>(v') >^ (B20) 

which coincides with Eq. ( p.33|) used above in our analysis of Coulomb repulsion within 
Cooper pairs in disordered systems. Above we have used the approximation of Eq. ( |3.52| ) 
to model Kp due to electron — phonon pairing mechanism (or similar model for some kind of 
excitonic pairing). In this case Eq. (B16) reduces to Eq. ( p.55| ). 

Note that Vc(r — r'sn — £m) may be taken also as dynamically screened Coulomb inter- 
action. Then we must use the appropriate expressions for dielectric function e{quJm) which 
may be found using the self — consistent theory of localizationSS. Then after some tedious 
calculations we can get the expressions for Kc{E,E') which for small \E — E'\ practically 
coincide with those used by us above for the case of static short — range interactionli^. 
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APPENDIX C: LOCALIZATION AND L>-WAVE PAIRING 



There is a growing body of experimental evidence in high-T^ superconductors that in 



dicate that the pairing state is of d^2_y2 symmetryc^j'H. In superconductors with an 
anisotropic order parameter, both magnetic and non-magnetic impurities are pair break- 
ing. For (i-wave symmetry, the effect of non-magnetic impurities is equivalent to magnetic 



impurities in s-wave superconductor s0'@. Effectively this means that superconductivity in 
such systems cannot persist until disorder becomes high enough to transform the system into 
Anderson insulator. The situation is different for the so called extended s-wave symmetry. 
This corresponds to an order parameter with uniform sign which could, in particular, vanish 



at certain directions in momentum spaceE^. Point impurities are not pair-breaking in this 
case, but they are "pair-weakening" : for small impurity concentration decreases linearly 
with disorder, but the critical impurity concentration is formally infinite, i.e. Anderson's 
theorem works after essential isotropisation of the gap^. 

We shall present now some of thr relevant equations along the lines of our discussion of 



the Anderson theorem in the main body of the review. Here we partly follow Ref.c^. We 
shall consider (i-wave pairing on two-dimensional lattice induced by the following interaction 
Hamiltonian: 

H,nt = -gT.^l^r (CI) 
r 

where r denotes lattice sites. This Hamiltonian corresponds to an instantaneous anisotropic 
attractive interaction with an implicit cutoff at a characteristic energy < uj >. In order to 
model dx2-y2 symmetry we choose Aj in the following form: 

^l = ^T.^s{cl,cUsi-cUcUs,) (C2) 

with S = ±ei, ±62 being the lattice versors, and e-tei = — e±e2 = 1- 

Next we can perform the analysis similar to that used in deriving Eqs. ( p.7|) — (|3.16| ) 



and find that now we again have Eq.( |3.16| ) determining the critical temperature with the 
kernel K{rr'en) in the exact eigenstates representation taking the following form: 

K{rren) = gT < }^ ests'— — _ . , . — — — ^ >= (C3) 



/oo poo 
dEN{E) / duo- 



< dEir)dE+^ir') > 



{ien + E){E + LU - ien) 
where we have introduced the spectral density: 

« dE{r)dE+M') »= < E E ^ses'Ki^ + 5)</.^(r)0;(r')0.(r' + 5')5{E - e,)5{E + u- e,,) > 

(C4) 



Now we can rewrite Eg. ( p. 161) for as: 



l = gTj dEN(E) duoY— (C5) 

^ i-oo ^ ' J-oo {E + ten)iE + LU - ten) 
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where 



g{uj) = y dr' < dEir)dE+u;{r') >=< dEdE+uj >q=o 



(C6) 



No sum rules similar to that given by Eqs.(A5)-(A6) exist for the spectral density of Eg . (|C4D . 
However, it can be easily expressed via the Green's functions and we obtain the following 
relations similar to those obtained in Appendix A: 



< dEdE+u. >q= (^q) - -^id (^q)} 



where 



^RA{R) 



2-Ki 



(C7) 



pp 



with the vertices 7p = cosp^ — cos Py for d-wave. If from now on we ignore the lattice effects 
then 7p = cos 29p, which corresponds to a gap function A(k) = A(T) cos 29p, where 9p is the 
polar angle in the planeS. Similar expressions will determine for the case of anisotr opic 
s-wave pairing with the vertices 7p replaced by appropriate angle-dependent expressions 
Now we can write as usual: 
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?^/m{<|.|^M = 0)} = 

cos 29p^^^, (Eujq =0) cos 29^ 



(C9) 



pp 



Here $pp,(-Eco'q = 0) obeys the q = limit of the Bethe-Salpeter equation Eq.( |2.44| ) which 
is easily transformed to the following kinetic equationll: 



pp 



-AG, 



6{p - p' 



UJ 



(CIO) 



with AGp = G^{pE + u) — G'^(p-E'). If we replace in ( |C10|) the irreducible vertex by the 
bare vertex Uq = pV"^, we obtain finally: 



47r 1 + {cutY 



(Cll) 



with the usual scattering rate 1/r = 27ipV^N{E). Inserting (|C11|) in ( p5|) and following 
the standard analysis^ we obtain the well known expression for the critical temperature 
variation!^ ln(Tco/Tc) = \1/ ( 1/2 + l/47r rT^) — \l/(l/2) which is similar to the case of magnetic 
impurity scattering in superconductors. However here the normal potential scattering rate 
is operational leading to very fast degradation of — superconducting state is completely 
destroyed for 1/r > 1.76Tco. Actually this result does not depend on spatial dimensionality 
of the system, i.e. the same dependence works in three dimensions. 

Effectively this makes impossible to reach the Anderson transition before supercon- 
ductivity is destroyed: critical disorder for metal-insulator transition is determined by 
1/r ~ Ee ^ Tc. The only hope seems to be to analyze the quasi-two-dimensional case. 
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where this critical disorder can be reduced due to a small enough interplane transfer integral 
w as in Eqs. (|2.9CI|) - (|2.91|) . Localization appears for w < Wc = ^exp{—iTEpT) and take as 



an estimate some 1/r ^ T^o, so that superconductivity is still possible, we can arrive at the 
following criterion of coexistence of localization and superconductivity: 

w < T,oexp{-nEF/T,o) (C12) 

In typical situation even for high-temperature superconductors we have T^o < O.lEp and 
inequality in Eq.( |U12| ) can be satisfied only for extremely anisotropic systems with w <^ Tcq. 
Most known superconductors apparently fail in this respect. This probably makes rf-wave 
pairing irrelevant for the main body of our review. It is then quite difficult to reconcile 
the existing data on the closeness of e.g. radiationally disordered high-T^ systems to the 
disorder induced metal-insulator transition and all the evidence for ci-wave pairing in these 
systems. However, this reasoning does not apply to the case of anisotropic s-wave pairing, 
where Anderson theorem effectively works for large degrees of disorder!^. In this respect the 
experiments on disordering in high-Tc systems can become crucial in solving the problem of 
the nature of pairing (and thus of its microscopic mechanisms) in these systems. 

Still, even in the case of li-wave pairing localization effects may become important and 
interesting, but for quite another problem — that of localization of BCS-quasiparticles within 



superconducting gap at relatively small disorderB5HiH£3. It is known that while in the pure 
c?-wave superconductor density of states close to the Fermi level is linear in energy N{E) ~ E 
due to the gap nodes at the Fermi surface, the impurity scattering makes it finite a.t E = 0@. 
In this sense the system becomes similar to the normal metal and we can calculateiH the 
low lying quasiparticle contribution to conductivity a{Lj 0). This conductivity equals to: 

. « (C13) 

where = vf/ttAq is the superconducting coherence length and a is the lattice spacing (we 
assume T = 0). The surprising thing is that a independent of the scattering rate 1/r, i.e. of 
disorder. For two-dimensional case (applicable probably for high-Tc systems) we know that 
all states are localized with localization controlled by dimensionless conductance which now 
is equal to g = a/ {e'^/27ch) = C,o/a. The value of g may be small enough in high temperature 
superconductors due to the small values of ^q, which are typically only slightly larger than 
the lattice constant. This can make localization effects important with BCS-quasiparticles 
forming a mobility gap in the vicinity of the Fermi level, leading to anomalies in the low 
temperature behavior of microwave conductivity and the penetration depth of a li-wave 
superconductoi@. 

These results were first obtainedS for the point-like impurity scattering, later it was 
shown in Ref.^^^ that the finite range of the impurity potential can lead to the nonuniversal 
disorder- dependent behavior of conductivity which becomes proportional to the normal state 
scattering rate. Situation was further complicated by the claim made in Refs.i2lliHi that the 
more rigorous analysis leads to the density of states of the impure d-wave superconductor 
behaving as N{E) ~ \E\°' with a > 0, but dependent on the type of disorder. The renor- 
malization group for the conductivity then apparently leads to some kind of fixed point of 
intermediate nature, suggesting the finite conductivity in two-dimensions. All these aspects 
of disorder and localization for rf-wave superconductors deserve further intensive studies. 



107 



REFERENCES 
1 P. W. Anderson. Phys. Rev. 109, 1492 (1958) 

^N. F. Mott. Metal — Insulator Transitions. Taylor and Francis, London 1974 
^N. F. Mott, E. A. Davis. Electron Processes in Non-Crystalline Materials. Clarendon 
Press, Oxford 1979 

^M. V. Sadovskii. Uspekhi Fiz. Nauk 133, 223 (1981) (Sov. Phys.— Uspekhi 24, 96 (1981)) 
^ Anderson Localization. Ed. by Y. Nagaoka and H. Fukuyama. Springer Verlag, Berlin — 
NY 1982 

'^P. A. Lee, T. V. Ramakrishnan. Rev. Mod. Phys. 57, 287 (1985) 

^M. V. Sadovskii. Soviet Scientific Reviews — Phys. Rev. Ed. by I. M. Khalatnikov. Vol. 7, 

p. 1, Harwood Academic Publ. NY, 1986 
^J. Bardeen, L. N. Cooper, J. R. Schrieffer. Phys. Rev. 106, 162 (1957) 
^P. G. De Gennes. Superconductivity of Metals and Alloys. W.A.Benjamin. NY, 1966 
i°A. A. Abrikosov, L. P. Gorkov. Zh. Eksp. Teor. Fiz. (JETP) 35, 1158 (1958) 
i^A. A. Abrikosov, L. P. Gorkov. Zh. Eksp. Teor. Fiz. (JETP) 36, 319 (1959) 

12 L. P. Gorkov. Zh. Eksp. Teor. Fiz. (JETP) 37, 1407 (1959) 

13 P. W. Anderson. J. Phys. Chem. Solids 11, 26 (1959) 
1^ J. G. Bednorz, K. A. Muller. Zs. Phys. 64, 189 (1986) 

15 J. G. Bednorz, K. A. Muller. Rev. Mod. Phys. 60, 585 (1988) 

1^ M. V. Sadovskii. In "Frontiers in Condenced Matter Theory". Ed. by M. Lax, L. P. 

Gorkov, J. L. Birman. Ann. NY Acad. Sci. Vol. 581, AIP Conference Proceedings, Vol. 

213, p. 207, 1990 
i^T. V. Ramakrishnan. Physica Scripta T27, 24 (1989) 

18 B. I. Belevtsev. Uspekhi Fiz. Nauk 160, 65 (1990) 

19 Y. Liu, A. M. Goldman. Mod. Phys. Lett. B8, 277 (1994) 

20 P. W. Anderson, K. A. Muttahb, T. V. Ramakrishnan. Phys. Rev. B28, 117 (1983) 

21 L. N. Bulaevskii, M. V. Sadovskii. Pis'ma Zh. Eksp. Teor. Fiz. 39, 524 (1984) (JETP 
Letters, 39, 640, (1984)) 

22 L. N. Bulaevskii, M. V. Sadovskii. J. Low- Temp. Phys. 59,89 (1985) 

23 A. Kapitulnik, G. Kothar. Phys. Rev. Letters 54, 473 (1985) 

24 G. Kothar, A. Kapitulnik. Phys. Rev. B33, 3146 (1986) 

25 M. Ma, P. A. Lee. Phys. Rev. B32, 5658 (1985) 

2^ M. V. Sadovskii. In "Studies of High Temperature Superconductors", Ed. by A. V. 
Narlikar. Vol.11, p. 131, Nova Science Publishers Inc. NY, 1993 

27 D. J. Thouless. Phys. Reports 13, 93 (1974) 

28 A. L. Efros. Uspekhi Fiz. Nauk 126, 41, (1978) 

29 D. VoUhardt, P. Wolfle. In "Electronic Phase Transitions", Ed. by W. Hanke and Yu. V. 

Kopaev. North-Holland, Amsterdam 1990 

30 A. F. loffe, A. R. Regel. Progr. Semiconductors 4, 237 (1960) 

31 E. Abrahams, P. W. Anderson, D. C. Licciardello, T. V. Ramakrishnan. Phys. Rev. Lett. 
42, 673 (1979) 

32 P. Wolfle, D. VoUhardt. In Ref. 5, p. 68 

33 Y. Imry Phys. Rev. Lett. 44, 469 (1980) 

34 B. Shapiro, E. Abrahams. Phys. Rev. B24, 4889 (1981) 

35 W. Gotze. Phil. Mag. B43, 219 (1981) 

36 D. Belitz, A. Gold, W. Gotze. Zs. Phys. B44, 273 (1981) 

37 J. H. Mooij. Phys. Stat. Sol. (a), 17, 521 (1973) 



108 



38 B. L. Altshuler, A. G. Aronov. Zh. Eksp. Teor. Phys. (JETP) 77, 2028 (1979) 
3^ B. L. Altshuler, A. G. Aronov, D. E. Khmclnitskii, A. I. Larkin. In "Quantum Theory of 
Sohds". Ed. by I. M. Lifshits. Mir Publishers, Moscow 1982, p. 130 
B. L. Altshuler, A. G. Aronov. In "Electron-Electron Interactions in Disordered Systems". 
Ed. by A. L. Efros and M. PoUak. Elsevier Science Pubhshers B.V., p. 1, 1985 

41 A. L. Efros, B. I. Shklovskii. J. Phys. C8, L49 (1975) 

42 A. L. Efros. J. Phys. C9, 2021 (1976) 

43 B. I. Shklovskii, A. L. Efros. "Electronic Properties of Doped Semiconductors" . Nauka, 
Moscow 1979 (in Russian) 

44 a. L. Efros, B. I. Shklovskii. In "Electron — Electron Interactions in Disordered Systems". 
Ed. by A. L. Efros and M. Pollak. Elsevier Science Publishers B.V., 1985, p. 409 

45 L. P. Kadanoff et al. Rev. Mod. Phys. 39, 395 (1967) 

46 K. G. Wilson, J. Kogut. Phys. Reports 12, 75 (1974) 

4''' A. Z. Patashinskii, V. L. Pokrovskii. Fluctuation Theory of Phase Transitions. Nauka, 
Moscow 1982 (in Russian) 

48 B. Shapiro, E. Abrahams. Phys. Rev. B24, 4025 (1981) 

49 L. P. Gorkov, A. I. Larkin, D. E. Khmelnitskii. Pis'ma Zh. Eksp. Teor. Fiz. (JETP Letters) 
30, 248 (1979) 

5°E. Abrahams, T. V. Ramakrishnan. J. Non— Cryst. Sol. 35, 15 (1980) 

51 F. J. Wegner. Zs. Phys. B25, 327 (1976) 

52 W. Gotze. J. Phys. C12, 219 (1979) 

53 d. Vollhardt, P. Woffle. Phys. Rev. B22, 4666 (1980) 

54 D. Vollhardt, P. Woffle. Phys. Rev. Lett. 48, 699 (1982) 

55 A. V. Myasnikov, M. V. Sadovskii. Fiz. Tverd. Tela 24, 3569 (1982) (Sov. Phys.— Solid 
State Phys. 24, 2033 (1982)) 

56 E. A. Kotov, M. V. Sadovskii. Zs. Phys. B51, 17 (1983) 

57 s. F. Edwards. Phil. Mag. 3, 1020 (1958) 

58 a. a. Abrikosov, L. P. Gorkov, I. E. Dzyaloshinskii. "Methods of Quantum Field Theory 
in Statistical Physics", Pergamon Press, Oxford 1965 

59 V. L. Berezinskii, L. P. Gorkov. Zh. Eksp. Teor. Fiz. (JETP) 77, 2498 (1979) 

60 M. I. Katsnelson, M. V. Sadovskii. Zh. Eksp. Teor. Fiz. 87, 523 (1984) (Sov. Phys.— JETP 
60, 300 (1984) 

61 B. Shapiro. Phys. Rev. B25, 4266 (1982) 

62 L. N. Bulaevskii, M. V. Sadovskii. Pis'ma Zh. Eksp. Teor. Fiz. 43, 76 (1986) (JETP 
Letters 43, 99 (1986)) 

63 R. Oppermann, F. J. Wegner. Zs. Phys. B34, 327 (1979) 

64 P. A. Lee. Phys. Rev. B26, 5882 (1982) 

65 E. Abrahams, P. A. Lee. Phys. Rev. 33, 683 (1986) 
66 1. M. Suslov. Zh. Eksp. Teor. Fiz. 108, 1686 (1995) 

67 F. J. Ohkawa. In Ref. 5, p. 113 

68 V. N. Prigodin, Yu. A. Firsov. J. Phys. C17, L979 (1984) 

69 P. Woffle, R. N. Bhatt. Phys. Rev. 30, 3542 (1984) 

70Qiming Li, C. M. Soukouhs, E. N. Economou. Phys. Rev. B40, 2825 (1989) 

71 D. Yoshioka, Y. Ono, H. Fukuyama. J. Phys. Soc. Japan 50, 3419 (1981) 

72 Y. Ono, D. Yoshioka, H. Fukuyama. J. Phys. Soc. Japan 50, 2465 (1981) 

73 E. A. Kotov. Fiz. Metal. Metalloved. (Phys. Metals — Metallogr.) 66, 436 (1988) 

74 E. A. Kotov. Fiz. Metal. Metalloved. (Phys. Metals — Metallogr.) 67, 859 (1989) 



109 



E. Z. Kuchinskii, M. V. Sadovskii. Sverkhprovodimost' (Superconductivity: Physics, 

Chemistry, Technology) 4, 2278 (1991) 
^6 C. S. Ting. Phys. Rev. B26, 678 (1982) 
^^W. Cai, C. S. Ting. J. Phys. C18, 1827 (1985) 
^«W. Cai. C. S. Ting. J. Phys. C18, 1843 (1985) 
^^D. Behtz. Sol State Comm. 52, 989 (1984) 

s°A. Theumann, M. A. Pires Idiart. J. Phys.- Cond. Matter. 3, 3765 (1991) 

E. Z. Kuchinskii, M. V. Sadovskii. Sverkhprovodimost' (Superconductivity: Physics, 
Chemistry, Technology) 6, 1119 (1993) 

«2 F. J. Wegner. Zs. Phys. B35, 207 (1979) 

F. J. Wegner. Renormalization Group and the Anderson Model of Disordered System. 
Heidelberg Univ. Preprint No. 30, 1979 

®^ F. J. Wegner. In Ref. 5, p. 8 

Shang-keng Ma. "Modern Theory of Critical Phenomena", W. A. Benjamin. London, 
1976 

8^ F. J. Wegner. Zs. Phys. B35, 207 (1979) 
s^F. J. Wegner. Zs. Phys. B36, 209 (1980) 

^^K. B. Efetov, A. I. Larkin, D. E. Khmelnitskii. Zh. Eksp. Teor. Fiz. (JETP) 79, 1120 

(1980) 

^^L. Schafer, F. J. Wegner. Zs. Phys. B38, 113 (1980) 
9° A. J. McKanc, M. Stone. Ann. Phys. 131, 36 (1981) 
9^ L. Schafer, A. M. M. Pruisken. Nucl. Phys. B200, 20 (1982) 

92 k. B. Efetov. Adv. Phys. 32, 53 (1983) 

93 V. E. Kravtsov. I. V. Lcrncr. Zh. Eksp. Teor. Fiz. (JETP) 88, 1281 (1985) 

9^6. L. Altshuler, V. E. Kravtsov, I. V. Lerner. Zh. Eksp. Teor. Fiz. (JETP) 91, 2276 (1986) 

95 1. V. Lerner. Phys. Lett. A133, 253 (1988) 

96 B. L. Altshuler, A. G. Aronov, P. A. Lee. Phys. Rev. Lett. 44, 1288 (1980) 

97 L. Fleishman, P. W. Anderson. Phys. Rev. B21, 2366 (1980) 

98 m. I. Katsnelson, M. V. Sadovskii. Fiz. Tverd. Tela 25, 3372 (1983) (Sov. Phys.— Sohd 
State 25, 3372 (1983)) 

99 W. L. McMillan. Phys. Rev. B24, 2739 (1985) 
R. Kubo. J. Phys. Soc. Japan, 12, 570 (1957) 

^o^A. M. Finkelstein. Zh. Eksp. Teor. Fiz. (JETP)84, 168 (1983) 
^°2a. M. Finkelstein. Zh. Eksp. Teor. Fiz. (JETP) 86, 367 (1984) 
i°=^A. M. Finkelstein. Zs. Phys. B56, 189 (1984) 

^°^A. M. Finkelstein. Soviet Scientific Reviews — Phys. Rev. Ed. by I.M.Khalatnikov. Vol. 

14, p. 1, Harwood Academic Publishers, NY, 1990 

P. Fulde, A. Luther. Phys. Rev. 170, 570 (1968) 
^°6C. Castellani, C. DiCastro, P. A. Lee, M. Ma. Phys. Rev. B30, 527 (1984) 
i°^C. Castellani, G. Kothar, P. A. Lee. Phys. Rev. Lett. 59, 323 (1987) 

G. Kotliar. In "Anderson Localization" , Ed. by T. Ando and H. Fukuyama. Springer 
Verlag, Berlin— NY, 1987, p. 107 

T. R. Kirkpatrick, D. Belitz. Phys. Rev. bf 40, 5227 (1989) 
^i°D. Belitz, T. R. Kirkpatrick. Nucl. Phys. B316, 509 (1989) 
ii^T. R. Kirkpatrik, D. Belitz. Phys. Rev. B41, 11082 (1990) 

D. Belitz, T. R. Kirkpatrick. Physica A167, 259 (1990) 

D. Belitz, T. R. Kirkpatrik. Phys. Rev. B44, 955 (1991) 



110 



D. Belitz, T. R. Kirkpatrick. Rev. Mod. Phys. 66, 261 (1994) 

V. Dobrosavljevic, T. R. Kirkpatrick, G. Kotliar. Phys. Rev. Lett. 69, 1113 (1992) 

B. L. Altshuler, A. G. Aronov. Pis'ma Zh. Eksp. Teor. Fiz. (JETP Letters) 37, 349 (1983) 

11^ B. L. Altshuler, A. G. Aronov. Sol. State Comm. 46, 429 (1983) 

11^ O. Betbeder— Matibet, P. Nozieres. Ann. Phys. 37, 17 (1966) 

11^ A. B. Migdal. "Theory of Finite Fermi Systems", Nauka, Moscow 1983 (in Russian) 

120 P. A. Lee. J. Non-Cryst. Solids 35, 21 (1980) 

121 E. Z. Kuchinskii, M. V. Sadovskii, V. G. Suvorov, M. A. Erkabaev. Zh. Eksp. Teor. Fiz. 
107, No.6 (1995) (JETP (1995)) 

122 B.L.Altshuler, D.Khmelnitskii, A.LLarkin, P.A.Lee. Phys.Rev. B22, 5142 (1980) 

12^ C. M. Varma, P. B. Littlewood, S. Schmitt-Rink, E. Abrahams, A. E. Ruckenstein. Phys. 
Rev. Lett. 63, 1996 (1989) 

124 Y. Kuroda, C. M. Varma. Phys. Rev. B42, 8619 (1990) 

125 G. Kothar, C. M. Varma. Physica A167, 288 (1990) 

126 c. M. Varma. Int.Conf. on Superconductivity— ICSC. (Bangalore, India, 1990). Eds. 
S.K.Joshi, C.N. R.Rao, S.V.Subramanyam. World Scientific, Singapore 1990, p. 396 

127 T. K. Ng. Preprint (1991) 

128 L. P. Gorkov. Zh. Eksp. Teor. Fiz. (JETP) 34, 735 (1958) 

129 H. Takagi, Y. Kuroda. Solid State Comm. 41, 643 (1982) 
13° Y. Imry, M. Strongin. Phys. Rev. B24, 6353 (1981) 

I'^i B. Muhlschlegel, D. J. Scalapino, R. Denton. Phys. Rev. B6, 1767 (1972) 

132 A. B. Pippard. Phil. Mag. 46, 1104 (1955) 

133 b. Keck, A. Schmid. J. Low Temp. Phys. 24, 611 (1976) 

134 V. N. Fleurov, P. S. Kondratenko, A. N. Kozlov. J. Phys. FIO, 1953 (1980) 

135 D. Belitz. Phys. Rev. B35, 1636 (1987) 

136 D. Belitz. Phys. Rev. B35, 1651 (1987) 
137 D. Belitz. Phys. Rev. B40, 111 (1989) 

138 P. B. Allen, R. C. Dynes. Phys. Rev. B12, 905 (1975) 

139 W. L. McMillan. Phys. Rev. 167, 331(1968) 

140 E. Abrahams. J.Phys.Chem.Solids 53, 1487 (1992) 

N. Bickers, D. Scalapino, S. R. White. Phys. Rev. Lett. 62, 961 (1989) 

142 P. Monthoux, A. V. Balatsky, D. Pines. Phys. Rev. B46, 14803 (1992) 

143 P. Monthoux, D. Pines. Phys. Rev. B47, 6069 (1993) 

144 P. Monthoux, D. Pines. Phys. Rev. B49, 4261 (1994) 

145 E. Z. Kuchinskn, M. V. Sadovskii, M. A. Erkabaev. Zh. Eksp. Teor. Phys. 104, 3550 

(1993) (JETP 77, 692 (1993)) 

146 J. Friedel. J. Phys. CI, 7757 (1989) 

147 D. M. Newns, P. C. Pattnaik, C. C. Tsuei. Phys.Rev. B43, 3075 (1991) 

148 A. A. Abrikosov, J. C. Campuzano, K. Gofron. Physica C214, 73 (1993) 

149 E. Dagotto, A. Nazarenko, A. Moreo. Phys. Rev. Lett. 74, 310 (1995) 

150 E. Abrahams, P. W. Anderson, P. A. Lee. Phys. Rev. B24, 6783 (1981) 

151 S. V. Vonsovsky, Yu. A. Izyumov, E. Z. Kurmaev. "Superconductivity of Transition Met- 
als, Their Alloys and Compounds", Springer Verlag, Berlin — NY 1982 

152 D. Belitz. J. Phys. F15, 2315 (1985) 

153 S. Maekawa, H. Ebisawa, H. Fukuyama. Prog. Theor. Phys.— Suppl. No. 84, 154 (1985) 

154 E. A. Kotov, M. V. Sadovskn. Fiz. Metal. Metalloved. (Phys. Metals— Metallogr.) 60, 22 
(1985) 



111 



p. E. Nielsen, P. L. Taylor. Phys. Rev. BIO, 4061 (1974) 
O. V. Dolgov. P. N. Lebedev Physical Institute Preprint No. 92 (1977) 
^^'^O. V. Dolgov, M. V. Sadovskii. Unpublished calculations (1984) 
N. F. Mott. Phil. Mag. 24, 935 (1971) 

159 H. Kamimura. Phil. Mag. 24, 935 (1980) 

160 H. Fukuyama. J. Phys. Soc. Japan 54, 2092 (1985) 

161 H. Fukuyama. J. Phys. Soc. Japan 54, 2393 (1985) 

162 H. Ebisawa, H. Fukuyama, S. Maekawa. J. Phys. Soc. Japan 54, 4735 (1985) 

163 V. L. Ginzburg, L. D. Landau. Zh. Eksp. Teor. Phys. (JETP) 20, 1064 (1950) 

164 H. Takagi, R. Souda, Y. Kuroda. Prog. Theor. Phys. 68, 426 (1982) 

165 V. E. Kravtsov. Zs. Phys. B82, 205 (1991) 

166 R. Oppermann. Nucl. Phys. B280, 753 (1987) 
16^ R. Oppermann. Physica C153, 711 (1988) 

168 R. Oppermann. Physica A167, 301 (1990) 

169 V. E. Kravtsov, R. Oppermann. Phys. Rev. B43, 10865 (1991) 

1^" B. A. Alcksashin, V. P. Voronin, S. V. Verkhovskii, B. N. Goshchitskii, S. A. Davydov, 
Yu. I. Zhdanov, A. E. Kar'kin, V. L. Kozhevnikov, A. V. Mirmelstein, K. N. Mikhalev, 
M. V. Sadovskii, V. V. Scrikov, S. M. Cheshnitskii. Zh. Eksp. Teor. Fiz. 95, 678 (1989) 
(Sov. Phys.— JETP 68, 382 (1989)) 
1^1 E. Z. Kuchinskii, M. V. Sadovskii. Physica C185-189, 1477 (1991) 
1^2 N. R. Werthamer, E. Helfand, P. C. Hohenbcrg. Phys. Rev. 147, 295 (1966) 
i*^^D. Saint- James, G. Sarma, E. J. Thomas. "Type II Superconductivity", Pergamon Press, 
Oxford 1969 

1^4 L. Coffey, K. Levin, K. A. Muttalib. Phys. Rev. B32, 4382 (1985) 

1^5 L. G. Aslamazov, A. L. Larkin. Fiz. Tverd. Tela (Sov. Phys.— Solid State) 10, 1104 (1968) 
1^6 J. Keller, V. Korcnman. Phys. Rev. B5, 4367 (1972) 

i^^L. N. Bulaevskii, A. A. Varlamov, M. V. Sadovskii. Fiz. Tverd. Tela (Sov. Phys.— Sohd 

Statc)28, 1799 (1986) 
178 T. K. Ng. Phys. Rev. B43, 10204 (1991) 

17^^ C. Caroh, P. G. DeGennes, J. Matricon. J. Phys. Rad. 23, 707 (1962) 

A. I. Larkin, Yu. N. Ovcliimiikov. Zh. Eksp. Teor. Fiz. (JETP) 61, 1221 (1971) 

181 L. N. Bulaevskii, S. V. Panyukov, M. V. Sadovskii. Zh. Eksp. Teor. Fiz. 92, 380 (1987) 
(Sov. Phys.— JETP 65, 380 (1987)) 

182 L. N. Bulaevskii, S. V. Panyukov, M. V. Sadovskii. In "Problems of Theoretical Physics 
and Astrophysics" (Volume devoted to the 70th anniversary of V. L. Ginzburg), Nauka, 
Moscow 1989, p. 120 

183 d. E. Khmelnitskii. Zh. Eksp. Teor. Fiz. 68, 1960 (1975) (Sov. Phys.— JETP 41, 981 

(1975)) 

184 T. C. Lubenskii. Phys. Rev. Bll, 3573 (1975) 

185 G. Grinstein, A. Luther. Phys. Rev. B13, 1329 (1976) 

186 J. L. Cardy. J. Phys. Cll, L321 (1978) 

187 m. V. Sadovskii. Fiz. Tverd. Tela 21, 743 (1979) (Sov. Phys.— Solid State 21, 435 (1979) 

188 L. B. loffe, A. I. Larkin. Zh. Eksp. Teor. Fiz. 81, 707 (1981) (Sov. Phys.— JETP 54, 378 
(1981)) 

189 J. Zinn-Justin. Phys. Reports 70, 109 (1981) 

i^'^ I. M. Lifshits, S. A. Gredeskul, L. A. Pastur. "Introduction to the Theory of Disordered 
Systems" , Nauka, Moscow 1982 (in Russian) 



112 



J. S. Langcr. Ann. Phys. 41, 108 (1967) 

S. John, T. C. Lubcnsky. Phys. Rev. Lett. 55, 1014 (1985) 

S. John, T. C. Lubensky. Phys. Rev. B34, 4815 (1986) 

D. A. Browne, K. Levin, K. A. Muttahb. Phys. Rev. Lett. 58, 156 (1987) 

K. Char, A. Kapitulnik. Zs. Phys. 72, 253 (1988) 

M. Ma, B. I. Halperin, P. A. Lee. Phys. Rev. B34, 3136 (1986) 

197 D. S. Fisher, M. P. A. Fisher. Phys. Rev. Lett. 61, 1847 (1988) 

198 B. Spivak, A. Zyuzin. Pis'ma Zh. Exp. Teor. Fiz. (JETP Letters) 47, 221 (1988) 

199 B. Spivak, Fei Zhou. Phys. Rev. Lett. 74, 2800 (1995) 
B. Spivak, S. A. Kivelson. Phys. Rev. B43, 3740 (1991) 

201 R. B. Laughhn. Science 242, 525 (1988) 

202 j^j Nichida, M. Yamaguchi, T. Furubayashi, K. Morigaki, H. Ishimoto, K. Oho. Sohd 
State Comm. 44, 305 (1982) 

203 Furubayashi, N. Nichida, M. Yamaguchi, K. Morigaki, H. Ishimoto. Sohd State Comm. 
55, 513 (1985) 

204 M. Tenhovcr, W. L. Johnson, C. C. Tsuei. Sohd State Comm. 38, 53 (1981) 

205 N. E. Alekseevskii, A. V. Mitin, V. N. Samosyuk, V. I. Firsov. Zh. Eksp. Teor. Fiz. (JETP) 
85, 1092 (1983) 

206 S. A. Davydov, V. E. Arkhipov, V. I. Voronin, B. N. Goshchitskii. Fiz. Metal. Metalloved. 
(Phys. Metals— Metallogr.) 55, 931 (1983) 

20'^ S. A. Davydov, V. E. Arkhipov, B. N. Goshchitskii. Fiz. Metal. Metalloved. (Phys. 
Metals— Metallogr.) 62, 1130 (1986) 

208 A. T. Fiory. A. F. Hcbard. Phys. Rev. Lett. 52, 2057 (1984) 

209 b. Batlogg. Physica B126, 275 (1984) 

210 N. Toyota, A. Inoue, K. Matsumoto, T. Fukase, T. Matsumoto. J. Phys. Soc. Japan 53, 

924 (1984) 

211 S. J. Poon, A. J. Drehma, K. M. Wang, A. W. Clcgg. Phys. Rev. B31, 3100 (1985) 

212 L V. Berman, N. B. Brandt et al. Pis'ma Zh. Eksp. Teor. Fiz. (JETP Lett.) 43, 48 (1986) 

213 B. N. Goshchitskii, V. E. Arkhipov, Yu. G. Chukalkin. Soviet Scientific Reviews — Phys. 
Rev. Ed. by I. M. Khalatnikov. Vol. 8, p. 519, Harwood Academic Publ. NY, 1987 

214 a. S. Alcksandrov, V. E. Arkhipov, B. N. Goshchitskii, V. F. Elesin. " Influence of Irradi- 
ation on Physical Properties of Perspective Ordered Superconductors" , Energoatomizdat, 
Moscow 1989 (in Russian). 

215 a. F. Hebard, M. Paalanen. Phys. Rev. 30, 4063 (1984) 

216 D. Shahar, Z. Ovadyahu. Phys. Rev. B46, 10917 (1992) 

21''' T. Furubayashi, N. Nichida, M. Yamaguchi, K. Morigaki, H. Ishimoto. Sohd State Comm. 
58, 587 (1986) 

218 T. Chui, G. Deutscher, P. Lindenfeld, W. L. McLean. Phys. Rev. B23, 6172 (1981) 

219 Y. Shapira, G. Deutscher. Phys. Rev. B27, 4463 (1983) 

220 R. C. Dynes, J. P. Garno, G. B. Hertel, T. P. Orlando. Phys. Rev. Lett. 53, 2437 (1984) 

221 A. E. White, R. C. Dynes, J. P. Garno. Phys. Rev. B33, 3549 (1986) 

222 T. A. Miller, M. Kunchur, Y. Z. Zhang, P. Lindenfeld, W. L. McLean. Phys. Rev. Lett. 

61, 2717 (1988) 

223 J. Lesueur, L. Dumoulin, P. Nedellec. Solid State Comm. 66, 723 (1988) 

224 Th. Zint, M. Rohde, H. Micklitz. Phys. Rev. B41, 4831 (1990) 

225 R. F. MiUigan, T. F. Rosenbaum, R. N. Bhatt, G. A. Thomas. In "Electron-Electron 
Interactions in Disordered Systems" . Ed. by A. L. Efros and M. PoUak. Elsevier Science 



113 



Publishers B.V., p. 231, 1985 

226 V. M. Tcplinskii, V. F. Gantmakher, O. I. Barkalov. Zh. Eksp. Teor. Fiz. (JETP) 101, 
1698 (1992) 

227 V. F. Gantmakher, V. N. Zverev, V. M. Tephnskii, O. I. Barkalov. Pis'ma Zh. Eksp. Teor. 
Fiz. 56, 311 (1992) 

228 R. S. Markicwicz. Phys. Rev. B37, 644 (1988) 

229 Pyoc. Int. Conf. High Temperature Superconductivity — Materials and Mechanisms of 
Superconductivity, [M2S-HTSC (I), (II), (III), (IV)]. Physica 153-155 (1988); Physica 
C162-164 (1990); Physica C185-189 (1991); Physica C235-240 (1994) 

230 V. I. Voronin, B. N. Goshchitskii, S. A. Davydov, A. E. Karkin, A. V. Mirmelstein, V. 
D. Parkhomenko, V. L. Kozhevnikov, S. M. Cheshnitskii. In "Novel Superconductivity", 
Ed. by S. A. Wolf and V. Z. Kresin. Plenum Press, N.Y. 1987, p. 875 

231 B. N. Goshchitskii, V. L. Kozhevnikov, M. V. Sadovskii. Int. J. Mod. Phys. B2, 1331 
(1988) 

232 Y. lye. In "Physical Properties of High Temperature Supeconductors" . Ed. by D. M. 
Ginsberg. World Scientific, Singapore 1992. 

233 L Forro, V. Ilakovac, J. R. Cooper, C. Ayache, J. Y. Henry. Phys. Rev. B46, 6626 (1992) 

234 T. Ito, H. Takagi, S. Ishibashi, T. Ido, S. Uchida. Nature 350, 596 (1991) 

235 m. V. Sadovskii. Proc. Int. Workshop on "Effects of Strong Disordering in HTSC"(June 
25-29, 1990, Zarechny, USSR), Moscow 1990, p. 32. 

236 G. Kothar, E. Abrahams, A. E. Ruckenstein, C. M. Varma, P. B. Littlewood, S. Schmitt- 
Rink. Europhys. Lett. 15, 655 (1991) 

23'' B. A. Aleksashin, I. F. Berger, S. V. Verkhovskii, V. I. Voronin, B. N. Goshchitskii, S. 
A. Davydov, A. E. Karkin, V. L. Kozhevnikov, A. V. Mirmelstein, K. N. Mikhalyov, 
V. D. Parkhomenko, S. M. Cheshnitskii. Pis'ma Zh. Eksp. Teor. Fiz. (JETP Lett.) 47, 
193 (1988); Physica C153-155, 339 (1988); Series of Preprints "Problems of High- 
Temperature Superconductivity", No. 1, USSR Ac. Sci. Ural Branch, Syktyvkar 1988. 

238 s. A. Davydov, B. N. Goshchitskii, A. E. Karkin, A. V. Mirmelstein, V. I. Voronin, M. 
V. Sadovskii, V. L. Kozhevnikov, S. V. Verkhovskii, S. M. Cheshnitskii. In "Advances in 
Superconductivity" Ed. by Kitazawa and Ischiguro. Springer Verlag, Tokyo 1989, p. 463 

239 S. A. Davydov, B. N. Goshchitskii, A. E. Karkin, A. V. Mirmelstein, M. V. Sadovskii, V. 
I. Voronin, V. L. Kozhevnikov, S. M. Cheshnitskii, B. A. Aleksashin, K. N. Mikhalyov, 
V. V. Serikov, S. V. Verkhovskii, Yu. I. Zhdanov. Int. J. Mod. Phys. 3, 87 (1989) 

240 B. N. Goshchitskii, S. A. Davydov, A. E. Karkin, A. V. Mirmelstein, M. V. Sadovskii, V. 
I. Voronin. In "High Temperature Superconductivity from Russia", Ed. by A. I. Larkin, 
N. V. Zavaritskii. World Scientific, Singapore 1989, p. 270 

241 B. N. Goshchitskii, S. A. Davydov, A. E. Karkin, A. V. Mirmelstein, M. V. Sadovskii, V. 
I. Voronin. Physica C162-164, 1019 (1989) 

242 B. N. Goshchitskii, S. A. Davydov, A. E. Karkin, A. V. Mirmelstein, V. I. Voronin, N. 
M. Chebotaev, A. A. Samokhvalov. Physica C162-164, 1023 (1989) 

243 B. N. Goshchitskii, S. A. Davydov, A. E. Karkin, A. V. Mirmelstein. Physica C162-163, 
997 (1989) 

244 B. N. Goshchitskii, S. A. Davydov, A. E. Karkin, A. V. Mirmelstein, M. V. Sadovskii, 
V. I. Voronin, B. A. Aleksashin, S. V. Verkhovskii, V. V. Serikov, Yu. I. Zhdanov. In 
"High Temperature Superconductivity" , Ed. by V. L. Aksenov, N. N. Bogolubov, N. M. 
Plakida. World Scientific, Singapore 1990, p.l04. 

245 J. M. Valles, A. E. White, K. T. Short, R. C. Dynes, J. P. Garno, A. F. J. Levi, M. 



114 



Anzlowar, K. Baldwin. Phys. Rev. 39, 11599 (1989) 
^"^^ A. Karkin, S. Davydov, A. Mirmclstein, B. Goshchitskii, N. Chebotaev, A. Samokhvalov, 

W. Sadowski, E. Walker. Physica C185-189, 1269 (1991) 
247 Y Voronin, A. Mirmelstein, A. Karkin, S. Davydov, I. Berger, B. Goshchitskii. Physica 

C185-189, 877 (1991) 

A. Podlesnyak, V. Kozhcvnikov, A. Mirmelstein, P. AUenspach, J. Mesot, U. Staub, A. 

Furrer. Physica C185-189, 817 (1991) 
'^'^^ S. A. Davydov, A. E. Karkin, A. V. Mirmelstein, B. N. Goshchitskii, W. Sadowski, E. 

Walker. Proc. Int. Workshop on "Effects of Strong Disordering in HTSC"(June 25-29, 

1990, Zarechny, USSR), Moscow 1990, p. 118. 
250 s. A. Davydov. Thesis. Institute for Metal Physics, USSR Ac. Sci. Ural Branch, 

Sverdlovsk, 1991 

Osofsky M.S., Soulen R.J., Wolf S.A., Broto J.M., Rakoto H., Ousset J.C., Coffe G., Aske- 
nazy S., Pari P., Bozovic I., Eckstein J.N., Virshup G.F., Ginzton E.L. — Phys. Rev. Lett., 
71, 2315 (1993) 

E. Z. Kuchinskii, M. V. Sadovskii. Pisma ZhETF 58, 878 (1993); (JETP Lett., 58, 819 

(1993)); 

253 E. Z. Kuchinskii, M. V. Sadovskii. Physica C235-240, 2621 (1994) 
25^ A. P. Mackenzie, S. R. Juhan, G. G. Lonzarich, A. Carrington, S. D. Hughes, R. S. Liu, 
D. C. Sinclair. Phys. Rev. Lett. 71, 1238 (1993) 

255 D. J. C. Walker, O. Laborde, A. P. Mackenzie, S. R. Julian, A. Carrington, J. W. Loram, 
J. R. Cooper. Preprint (1995) 

256 S. A. Davydov, B. N. Goshchitskii, A. E. Karkin, A. V. Mirmelstein, V. I. Voronin, V. D. 
Parkhomenko. Int. J. Mod. Phys. 4, 1531 (1990) 

257 W. W. Warren. Phys. Rev. B3, 3708 (1971) 

258 W. Gotze, W. Kcttcrlcc. Zs. Phys. B54, 49 (1983) 

259 m. V. Sadovskii. Thesis. P. N. Lebedev Phys. Inst., Moscow, 1985 

26*^ S. V. Verkhovskii, Yu. I. Zhdanov, A. M. Bogdanovich, B. A. Alcksashin, V. V. Lavrenticv, 
K. N. Mikhalyev, M. V. Sadovskii, V. V. Serikov. ApU. Magn. Resonance 3, 649 (1992) 

261 Yu. I. Zhdanov, A. M. Bogdanovich, B. A. Aleksashin, K. N. Mikhalyev, V. V. Lavrentiev, 
S. V. Verkhovskii, V. V. Serikov, M. V. Sadovskii. Zh. Eksp. Teor. Fiz. 103, 1762 (1993); 

(JETP 76, 868 (1993)) 

262 H. Srikanth, K. P. Rajeev, G. V. Shivashankar, A. K. Raychaudhuri. Physica C192, 87 
(1992) 

263 B. EUman, H. M. Jaeger, D. P. Katz, T. F. Rosenbaum, A. S. Cooper, G. P. Espinosa. 
Phys. Rev. B39, 9012 (1989) 

264 C. Infante, M. K. El Mously, R. Dayal, M. Husain, S. A. Siddiqi, P. Ganguly. Physica 
A167, 640 (1990) 

265 b. Jayaram, P. C. Lanchester, M. T. Weller. Phys. Rev. B43, 5444 (1991) 

266 D. Mandrus, L. Forro, C. Kendziora, L. Mihaly. Phys. Rev. B44, 2418 (1991) 

26''' M. Cieplak, S. Guha, H. Kojima, P. Lindenfeld, Gang Xiao, J. Q. Xiao, C. L. Chien. 
Phys. Rev. B46, 5536 (1992) 

268 s. K. Agarwal, A. V. Narlikar. Prog. Crystal Growth and Charact. 28, 219 (1994) 

269 C. Quittmann, P.Almeras, Jian Ma, R. J. Kelley, H. Berger, G. Margiritondo, M. Onellion. 
Univ. Wisconsin Preprint (1994), Zs. Phys. B (1994) 

2™ Jian Ma, C. Quittmann, R. J. Kelley, G. Margaritondo, M. OneUion. Univ. Wisconsin 
Preprint (1994) 



115 



A. M. Finkelstein. Pis'ma Zh. Eksp. Teor. Fiz. 45, 37 (1987) (JETP Letters, 45, 46 
(1987)) 

272 m. Ma, E. Fradkin. Phys. Rev. Lett. 56, 1416 (1986) 

T. R. Kirkpatrick, D. Belitz. Phys. Rev. Lett. 66, 1533 (1991) 

274 T. R. Kirkpatrick, D. Belitz. Phys. Rev. Lett. 68, 3232 (1992) 

275 m. P. A. Fisher, G. Grinstein, S. M. Girvin. Phys. Rev. Lett. 64, 587 (1990) 

276 Min-Chul Cha, M. P. A. Fisher, S. M. Girvin. M. Walhn, A. P. Young. Phys. Rev. 44, 
6883 (1991) 

277 S. M. Girvin, M. WaUin, Min-Chul Cha, M. P. A. Fisher, A. P. Young. Prog. Theor. Phys. 
Suppl. No. 107, 135 (1992) 

278 A. F. Hebard, M. A. Paalanen. Phys. Rev. Lett. 54, 2155 (1985) 

279 D. B. Haviland, Y. Liu, A. M. Goldman. Phys. Rev. Lett. 62, 2180 (1989) 
2«°S. J. Lee, J. B. Ketterson. Phys. Rev. Lett. 64, 3078 (1990) 

281 T. Wang, K. M. Beauchamp, D. D. Berkely, B. R. Johnson, J. X. Liu, J. Zhang, A. M. 
Goldman. Phys. Rev. B43, 8623 (1991) 

282 D. A. Wollman et al., Phys. Rev. Lett. 72, 2134 (1993) 

283 c. C. Tsuci ct al., Phys. Rev. Lett. 73 593 (1994) 

284 L. P. Gorkov, P. A. Kalugin. Pisma Zh. Eksp. Teor. Fiz. 41, 208 (1985); (JETP Lett.41, 

253 (1985)) 

285 R. J. Radtke, K. Levin, H.-B. Schiittler, M. R. Norman, Phys. Rev. B48, 653 (1993). 

286 R. Fchrcnbachcr, M. R. Norman. Phys. Rev. B50, 3495 (1994). 
287 D. Markowitz, L. P. Kadanoff. Phys.Rev. 131, 563 (1963) 

288 A. G. Rojo. C. A. Balsciro. Preprint cond-mat/9501017 (1995) 

289 P. A. Lcc. Phys. Rev. Lett. 71, 1887 (1993) 

290 A. V. Balatsky, A. Rosengren, B. L. Altshuler. Preprint LA-UR-93-3621 

291 A. A. Nersesyan, A. M. Tsvelik, F. Wenger. Phys. Rev. Lett. 72, 2628 (1994) 

292 A. A. Nersesyan, A. M. Tsvehk, F. Wenger. Preprint CTH/GU-ITP-94-2 



116 



FIGURES 



FIG. 1. Electron wave — function in a disordered system: (a) — extended state, (b) — localized 
state. 

FIG. 2. Electron density of states near the band edge in a disordered system. Dashed is the 
region of localized states, Ec — is the mobility edge. 

FIG. 3. Qualitative form of Pdid) ^oi different d. Dashed line shows the behavior necessary to 
get discontinuous drop of conductivity at the mobility edge for d = 2. 

FIG. 4. Graphical representation of: (a) — two — electron Green's function <I>pp,(£'qa;); (b) — 
equation for full vertex part rpp,(qa;); (c) — typical diagrams for irreducible vertex i7^,(q;a;); 
(d) — Bethe — Salpeter equation. Dashed line denotes "interaction" C/o(p ~ p') = p|^(p ~ P')P) 
where p — is density of scatterers, V{p — p') — is Fourier transform of a single scatterer potential. 

FIG. 5. "Maximally — crossed" diagrams for irreducible vertex part of Bethe — Salpeter equa- 
tion ("Cooperon"). 

FIG. 6. Two equivalent forms of diagram for the correlator of local density of states. Wavy lines 
denote diffusion propagator, i.e. the sum of ladder diagrams. 

FIG. 7. Lowest order interaction corrections: (a) Simplest Fock correction for self — energy in 
exact eigenstate representation, (b) Equivalent diagram in momentum representation, (c) "Trian- 
gular" vertex defining diffusion renormalization. U — irreducible impurity scattering vertex, F — full 
impurity scattering vertex. Wavy line denotes interelectron interaction. 

FIG. 8. Lowest order interaction corrections to conductivity. 

FIG. 9. Dependence of dimensionless generalized diffusion coefficient on dimensionless Matsub- 
ara frequency in metallic phase (a = 0.5), obtained by numerical solution for different values of /x: 
1. 0.24; 2. 0.6; 3. 0.95; Dashed line — the usual self-consistent theory of localization, /j, = 0. At 
the insert: Dependence of static diffusion coefficient {d = on disorder for fi = 0.24. 

FIG. 10. Dependence of dimensionless generalized diffusion coefficient on dimensionless Mat- 
subara frequency in dielectric phase (a = —0.5), obtained by numerical solution for different values 
of fi: 1. 0.12; 2. 0.6; 3. 1.2; Dashed line — the usual self-consistent theory of localization, /x = 0. 

FIG. 11. Electron — phonon interaction and impurity scattering: (a) Self — energy due to impu- 
rity scattering, (b) Diagrams representing changes of (a) due to impurity vibrations, (c) Diagrams 
for "bare" electron — phonon vertex in case of vibrating impurities. 
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FIG. 12. Electron — phonon vertex renormalization: (a) Impurity "ladder" (diffusion) renor- 
malization. (b), (c), (d) Simplest corrections due to impurity vibrations. 

FIG. 13. Graphic representation of two — particle Green's functions ^'^(qwm) and ^^(qu;^) 
(for (jjm = 2e„). There is no summation over e„ in the loops. 

FIG. 14. Temperature dependence of the upper critical field Hc2- Numerical solution for the 
dependence of h = loh/Tc^^E^^ on T/T^ for different values of 6* = Uc/Tc. 1.9 = 100; 2. 9 = 10; 
3. 9 = 27r; A. 9 = 3; 5. 9 = 1; 6. 9 = (Mobility edge). Metalhc state, no magnetic field infiuence 
on diffusion. At the insert: Low temperature part of h on T/Tc close to the Anderson transition. 
Mobility edge (9 = 0) with magnetic field influence on diffusion. Metallic phase {9 = 0.1), no 
magnetic field influence. Mobility edge (9 = 0), no magnetic fleld influence. Insulating phase 
{9 = 0.1), no magnetic field influence. Numerical cut — off was taken at < a; > = 100 Tc. 

FIG. 15. Temperature dependence of the upper critical field for two-dimensional superconductor 
(^7^ = 0.4, A = 0.1, h = -^j^)- 1 — no magnetic field influence upon diffusion, 2 — with magnetic 
field influence upon diffusion, 3 — standard theory of "dirty" superconductors. 

FIG. 16. Temperature dependence of the upper critical field for two-dimensional superconductor 
( ^^'^^ = 4, A = 0.126, /i = :^^). 1 — no magnetic field infiuence upon diffusion, 2 — with magnetic 
field influence upon diffusion. 

FIG. 17. Temperature dependence of the upper critical field for quasi-two-dimensional su- 
perconductor (%5^ = 4, A = 0.126, /i = ;^f^) for different values of the interplane transfer 

integral around the critical value of Wc corresponding to Anderson transition at a given disor- 
der. 1 — purely two-dimensional behavior (w = 0), 2 — dielectric side close to Anderson transition 
{L = \2ln{w/wc)\ = 0.7), 3 — metallic side close to Anderson transition (L = 2ln{w/wc) = 0.7), 
4 — metallic state far from Anderson transition (L = 3) . Dashed line represents the behavior at the 
Anderson transition (L = 0). 

FIG. 18. Diagrams for fluctuation conductivity. Wavy lines denote fluctuation propagator, 
dashed lines — disorder scattering. 

FIG. 19. Qualitative form of instanton solution. 

FIG. 20. Qualitative structure of eigenvalues of Ml (a) and Mr (b) operators, ef = — 
translation zero — mode Eq^O for A — > — transforms to "rotation" zero — mode. The continuous 
part of the spectrum is shaded. 

FIG. 21. Fluence dependence of and \dHc2/dT\T, in SuMo^Sq. 

FIG. 22. Resistivity dependence of Tc and \dHc2/dT\T^ in Mo^Se^. 
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FIG. 23. Conductivity a and Tc dependence on the parameter ppl/h in amorphous InOx- ctb 
is estimated Drude conductivity. 

FIG. 24. Hc2{T) in amorphous films of In/InOx- Lines show standard theoretical dependences. 

FIG. 25. The dependence of activation energy of hopping conductivity (triangles) and supercon- 
ducting transition temperature Tc (squares) in amorphous films of In/InOx on disorder parameter 
ppl/h as determined from room-temperature conductivity and Hall measurements.Long-dashed line 
represents A = 1.76Tc following the BCS gap formula.The short-dashed line best fits the insulating 
data points with {pfI/^)c ~ 0.35 the critical disorder of metal-insulator transition. A narrow 
region of superconductivity within insulating phase can be inferred from these data. 

FIG. 26. Disorder dependence of localization length (full curve) and superconducting coherence 
length in amorphous In/InOx films. Squares represent superconducting ^ for metallic films while 
triangles refer to insulating samples. 

FIG. 27. Conductivity a and Tc dependence on gold concentration in amorphous Sii-xAux alloy. 

FIG. 28. Hc2{T) in amorphous Sii-xAux alloy. 

FIG. 29. Temperature dependences of superconducting energy gap A and of the resistance R 
for amorphous <S'io.79^tio.2i- 

FIG. 30. Temperature dependence of Pc for different high — cuprates. The dashed region 
indicates the resistivity range corresponding to loffe — Regel limit. 

FIG. 31. Dependence of the superconducting transition temperature and resistivity (at 
T = lOOK) on neutron fluence for ceramic YBa2Cu^0Q,g^. Different notations correspond to dif- 
ferent methods of measurement and also evolution after annealing at 300K. 

FIG. 32. Temperature dependence of resistivity p for ceramic samples of yi?a2Cn3 06.95 (curves 
1 — 3 and 5 — 8) and Lai,s3Sro,ijCu04, (curves 4, 9) irradiated at T = 80K with different fluences: 
1—$ = 0; 3, 6, 8 — $ = 2.5 and 710^^cm~^ plus annealing for 2 hours at 300K; 2, 5, 7 — irradiated 
with $ = 2.5 and 7 lO^^cm"^ plus annealing for 2 weeks at 300K; 4 — $ = 0;9 — $ = 5 lO^^cm"^ 
plus annealing for 2 hours at 300K. 

FIG. 33. Dependence of Inp on y-i/^ for YBa2CusOQ,g5 irradiated with a fluence 
of $ = 1.2 lO^^cm"^ at T = 80K (curve 1), and after 20-minute annealing at 
T = 150ii:(2);200i^(3);250i^(4);300K(5) and two weeks annealing at T = 300K(7). Similar de- 
pendences for Lai,s3Sro,nCu04 for $ = 2 10^^cm~^ annealed for 2 hours at 300K(6) and for 
La2Cu04 for $ = 2 10^^ cm.-^ annealed for 2 hours at 300K(8). 
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FIG. 34. Dependence of Inp on fluence $ during irradiation at T = 80K: 
1 — La2CuOi; 2 — Y Ba2Cu-i,0^,<j^; 3 — single crystaline Pab in Y Ba2Cu^OQ_ij^; 4 — Lai^^'^SrQ^nCuOi; 
5—Bi - Sr-Ca-Cu-O; 6— ^nMoeSeg. 

FIG. 35. Temperature dependence of Hall concentration for the irradiated (left) and oxygen 
deficient (right) ceramic samples of YBa2Cu^O-j^s. 

FIG. 36. Fluence dependence of pah and pc at T = 80K during fast neutron irradiation. 

FIG. 37. Temperature dependence of H^^2 (upper curves) and (lower curves) for the sin- 
gle-crystals of YBa2CuzO'j-s with different degrees of disorder. 

FIG. 38. The dependence of coherence lengths determined from Hc2 behavior under disordering 
on the critical temperature Tc- — circles; — black circles. 

FIG. 39. Temperature dependence of the upper critical field: theoretical curve (1) is given for 
the case of = 2, A = 0.18, while curve (2) is for ^J^'^ = 20, A = 0.032. Squares represent the 
experimental data for Bi2Sr2CuOy. 

FIG. 40. Dependence of the Curie constant C and the temperature-independent part xo of mag- 
netic susceptibility on neutron fluence $ for Lai^ssSro^nCuOi (black circles) and YBa2Cu30Q,Q5 
(circles). 

FIG. 41. Dependence of Tc on fluence for YBa2CusOe,g5 (circles). The solid curve is the localiza- 
tion length calculated from hopping conductivity. Dashed curve deflnes the minimum localization 
length at which superconductivity can exist at given Tc- Dashed-dotted curve is theoretical flt 
using expressions described in the text. 
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TABLES 



TABLE L Anderson transition and ferromagnet close to Curie point Tc- 

Localization Ferromagnet 

E-Ec T-Tc 

Kf X± 

Kh X\\ 

—ioj H 

N{E) M 

De Ps 

^loc C 



TABLE IL Scaling dimensions in the theory of critical phenomena 

^ q M H 

-1 +1 l/2(d-2 + ?7) l/2(d + 2-?7) 
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